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Outline

+ Introduction to topological orders/Symmetry
Protected Topological orders

+ Classification of 1D SPT orders (focusing on D,+T
symmetry) and their realization in S=1 spin
chains/ladders

+ How to measure the SPT orders experimentally




Phases of matter: different orders ()

o Symmetry-breaking orders (Landau)
- Magnets: rotation symmetry breaking
- Solid: translation symmetry breaking
- Superconductor: U(1) symmetry breaking

> CICNC

fF 1Nt
AV

Different phases have different symmetry




Phases of matter: different orders (ll)

X.-G. Wen, Phys. Rev. B 40, 7387 (1989); Int. J. Mod. Phys. B 4, 239 (1990).
¢ Topological order (intrinsic)
> Non-symmetry-breaking
> Edge states, ground state degeneracy, fractional excitations...
~ Close relation with the topology (of the manifold, group,...)

- -

> Long-range entanglement

> Examples:
v Fractional Quantum Hall states
~ Chiral spin liquid states
~ String-net condensate states




No topological order in 1D without symmetry

o All 1D gapped states are short-range entangled

o All 1D gapped states can continuously deforms
into direct product states

+ No phase transition between all 1D gapped states

Without symmetry,
There Is only one gaped phase in 1D.

Chen, Gu, Wen, Phys. Rev. B 83; O351(M




With symmetry

+ Definition of phase and phase transition

> All the states in the same phase can be continuously

transformed into each other by (symmetric) Local Unitary
transformations

> Daifferent states with the same symmetry may belong to
different phases

> When symmetry 1s absent, the difference between different
symmetric phases disappears

Symmetry protected topological order

(No intrinsic topological order in 1D)

Chen, Gu, Wen, Phys. Rev. B 82;,155138y(2040)m




Example: SPT order in 1D

+ §=1 model with parity, and R, R T, R, T symmetry
H=)[S-S, +U(S) +BS;]

> Haldane phase (small U,B)

OO

> Large U (trivial) phase
U—oo: ¥=|0,0,...... 0>, §7|0>=0

Above two phases have the same symmetry, they are distinguished by
SPT order (or their different end states).

Gu, Wen, PRB 80, 155131:(2009s




The case without symmetry protection

o Symmetry breaking perturbations

Hi = R) [S7(S7Sia+57S81) 8%, (8787, + 8YSY,) + Heel
J
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Entanglement entropy Entanglement spectrum

Pollmann,et.al. PRB 81, 064439¢(2010)m




Symmetry Is crucial in 1D

o Symmetry protect the gapped nontrivial phases

+ How to classity all the gapped symmetric nontrivial
phases?

Entanglement spectrum? not sufficient!
Projective representations of the symmetry group.




Example

o S=1 Model

H = Z {COS BS:I:.‘.iS;I?.‘i-l-l T sin Q[Cosé(sy.isy.i—i—l _JI_SZ‘zSZ'L—[—l) + Sil'l @(SZEZZS$ZJ+1 + SEZIES-FyﬂL_i_l)]}

i

where S]]]ﬂ = SIIJSH + SHSII]’ Jisvll” = &% YV, Z

symmetry group: D,+T

0 = 0 : Ising-like
G
2
0, . rotation between S and S, S and S,

o XY-like




Phase diagram

¢ Two nontrivial phases

B = Z {COS 05z 5z it1 + SinQ[COS¢(33f=iS3ffi+1+Sz,i5z;i+1) + sin d)(S;z:z,iSacz,i—H T S:E@/,Z'lel,i+1)]
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Classification of SPT orders in 1D

+ MPS form for gapped states in 1D
‘¢> = %Tr[(/ll’"l ‘ml>)(A§”2 ‘m2>)(A]”V1N ‘mN>)]

G. Vidal, Phys. Rev. Lett. 91, 147902 (2003)
o the MPS 1s invariant under symmetry group G

glg)<|¢)
gA" = [u(g)] A" = ™Y (g) A" (g)

> M(g) projective representation (representation of end states)

Chen, Gu, Wen, Phys. Rev. B-83; 0351%




Projective representations of symmetry group

o Multiplication up to a phase factor

D ou(g), A" ="M (g)" A"M(g,)
Zu(g2)mm'Am‘ - eia(gZ)M(g2)+ AmM(g2)

D u(gg,) A" =€ M(g,g,) A"M(g,g,)

> Linear representations

ia(gg,)

N

> Projective representation: Not important if the system
has no translation symmetry

u(gu(g,) =u(g,g,), " =e

M(g ) )M(g,) = M(glgz)eie(gl&)




Projective representations

o Equivalence class

ip(g) ip(g)

},:> o088 _ j0ee) € €

eiCD(glgz)

M(g)'=M(g)e”

M(g)'M(g,)' = M(glgz)'em'(gl’gz)

- €082 and %8182 belong to the same class

» Each class w €H?(G,U(1)) <& projective representation
¢ Projective representation <~ SPT phase
. Example: SO(3) has two classes of projective representations

- Integer spin: linear REP
SO@3) -

half-integer spin: nontrivial projective REP




Classification of SPT orders with different

symmetries

o on-site symmetry G = w

¢ on-site symmetry G + translational symmetry = (o, w)

Symmetry of Hamiltonian | Number of Different Phases

None

!
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Chen, Gu, Wen, Phys. Rev. B 83, 035107 (2011);-arXiv:




Questions

o Is the classification complete? YES!
> Symmetry operators

> Local unitary transformations

+ Does the projective representations give complete
information of all the SPT phases? YES!!

We will illustrate 1t by spin models with D,+T symmetry




S=1 spin chains with D,+T symmetry

o General Hamiltonian

Hp,, = Z[alsi.isf.j L] 02(53.5554 L3 53.2-55.]-)
+asS; ;S ;i +as(Sz,;57 ; + 5257 ;)
2 2 2 2 2 2
+a53:.iS:.j 23 aﬁ(Sy.'iS:.j £5 Sz.isy.j)
+b15.r.z'S:r.j T b'ZSy::.z'Sy::.j + Cq Sy.iSy.j

+C‘25_1-:;.z'S.r.::.j — d]Sz.iS;;.j + dQSry.iS;ry.j
+e152 . + e-sz,.,- + €357 .

> Dafficult to study directly
> Symmetry breaking phases: well understood and boring
> We will focus on symmetric (SPT) phases




General properties of SPT phases

o Physical degrees of freedom
linear representations of D,+T
o Edge (or internal) degrees of freedom

projective representations of D,+T




How to calculate the projective

representations
o Central extension of G = R(G) G=R(G)/C
o Linear Reps of R(G) < projective Reps of G

+ Example: projective representation of D, group

TABLE III: Multiplication table of R, (D>). Notice that P* =

1=, P? = Q% and QP = P3Q.
D, ={EER R »dis) < @ g @ <
iy E Pj Pi r Q chg Pro Picg
E E P F=% = Q P’ PQ P
R(D,)={E; ESO#PO; P | P* B P P PQ Q P'Q PQ
P3 P P P2 E  P?Q PQ Q P?Q
PZ’ QZ’PZQ’P.?Q} P P pP3 E 1?2 PQ  P*Q PO Q
Q Q PrQ PQ P?Q @ P? E P P3
PQ| PQ Q P PQ E P> P P
projection: ol Po Po o ro p p3 > =
2
E’P 9 E TABLE V: Projection from Ri(D2) to D>
3
PP => Rz Ry (D2) E P Q iy
Q,P2Q =R P2 p3 P2Q P3Q
j % D> E R. Re R,
PQ P3Q eR rotation w of J = 1/2
(up to a phase factor) " | 10 - 10« 0y

ﬂle and Kerie F. Green, Mathematical and Physical Sciences, A 288“




D, =D,+1

Combined symmetry
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Construct MPS with known edge states

o S=1 AKLT model (Haldane phase)

—HOOO

A= BT(Cm )* B and C™ are CG coefficients

o Parent Hamiltonian (sum of projectors)
1
H = ZPZ(SZ- +8,.) Z[Sl- O +-3-(Sl- i

> Stmpler model in the same phase
H o Z Sz‘ ' Sz‘+1




S=1 spin chains with D,+T symmetry

¢ SPT phases and their Hamiltonians

> Trivial phase (ground state ¥=|o, a,...,a0 > , a=x, y, z)
H = Z[Si 1001 s U(Sia )2]

> T, phase (the usual Haldane phase)
HO X Z']xSlel)-cl-l +JySini)-}|-1 i JZSiZSiz-i-l

g X plase Hx e ZJxSixSi)il +JySiXZSi)—C|rZI +JzSz?CySi?l

> _Ly plase Hy BN Z JxSiyZSiJfl iy JySini)jrl o JZSixySi)—clryl

> 1 pjlase LI ZJxSiyZSiyfl T JySiXZSi)-Ci-Zl +J.8; S5,




Phase transitions between different phases

¢ Model Hamiltonian

H = Z [COS 0.Sz,iSz,i+1 + sinO[cos ¢(Sy,iSy,i+1+S, ;S i+1) + sin O(Ss2.i S22 i+1 + Sa:y,isaty,i-l-l)}]

1

o 1%t order transition between different nontrivial SPT phases

0.5
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0.4+
-0.95
T
03} X
B LA |
= Neel , 0= 31/8
0.2 . -1.05¢ .
il Ty -1.1,
115 0.1 0.2 0.3 0.4 0.5
0 o/n

0 0.05 0.1 015 02 025 03 0.35 0.4
O/n




Realization of other phases in spin ladders

¢ Direct product of two spin chains

R. R, T
Examples: B[ 1 I K
E} 1 I o, K
' 10 . e
E 1 i0- oK
E; o I oK
Es 10 Oz IK
E9 ®E11 — E7 EI—)E7 By| Igio. I®0. o, &IK
T - 10 z 10
E7 0: 10 7 ;\
| Fo | e x
Eé @ 1 )
E1 (

All the 16 phases are realized.

B -




Distinguish different phases from Edge states

+ Small perturbations: magnetic field
H'=Y(gB'S’ +g,B'S; +g,BS;)

o Bulk: gapped singlet, no response
o Edge: degenerate (like impurity spins)
> Linear response (first order perturbation theory)

> Wil the degeneracy be split by H' ?

T, phase: Yes! B, B, B, will polarize the end spins and
split the ground state degeneracy.

IS i asesy;




T, phase

& TX phase: Will the magnetic field split the edge degeneracy?
> depends on direction of B
> Numerical result (exact diagonalization):

1.4

1.2

<D E=y N0, T :
<Y S>> = 0,0,0,0,
S S 7> =Pe0,0,¢

s(L)

2 3 4 5 6 7
Length of the chain (L)

In T, phase <Z 5 > = 0,0,+s

s =0
B 00

with  1im

L—




+ T, phase

o T phase

T, T, phases

<Y 85> =0,0,0,0,
<WSv> B0, () S
<Y 87> 9 0,0,0,0.

= YN >he =0 0,06,
=23 §7> \9210,0,0,0,
=S = 0,0, 1




Symmetry reason

o Effective operators and physical perturbations

> For 2 by 2 MPS (2-fold edge states), only three Pauli
operators that split the degeneracy of the ground states

> The Pauli operators form linear reps of the SG
> The physical operators also form linear reps of the SG

M(g) ' oc“M(g)=1,(c")c"
u(g)" Ou(g) =1,(0)0

> 1(c“)=n(0) =» ¢*~ O, they have the same matrix elements on
the ground state subspace (up to a constant factor)
> For example, in T, phase: ¢*~S§*, & ~8§% o°~§Y




Experimental measurements (I)

VO, V3* S=1

Lattice structure of spin chain (Livsi,o,)

edge states: magnetic impurities

o Curie’s law: divergence of magnetic susceptibility
at low temperatures

Ngz,u2
T = mi~B
Xw(T) kT

, M=X,),2




Experimental measurements (Il)

+ No edge states 1n the trivial phase
giome=
+ Nontrivial phases:
- In T, phase: g,, g, g, are finite
- In T, phase: g, 1s tinite, g, g, =~ 0
- In T, phase: g, 1s finite, g, g, = 0

- In T, phase: g, 1s finite, g, g,~ 0




Other perturbations

o Perturbations by $* are not sufficient to distinguish all the
SPT phases. We need perturbations associated to the
quadrupole operators S# ,

B> eV BtV B SPEE
+ From the different responses of the edge states to

perturbations of B,, B, B,, and OB e allithe phases can
be distinguished. qy




Recent progress

¢ Generalization to higher dimensions
> 1D:  H?*(G, U(1))
. 2D: H3(G, U(1))
. 3D:  H4(G, U(1))
+ Reference:
2D toy model realizing nontrivial H3(Z,, U(1))
arXiv:1106.4752
Classifying dD SPT phase through topological nonlinear

sigma model
arXxiv:1106.4772




Conclusion

o There are 16 different SPT phases in 1D protected by D,+T

symmetry

¢ They can be realized with S=1 spin chains and spin ladders

o All the SPT phases are completely characterized by their edge spins
(projective representations) and are experimentally distinguishable.

R. ! 2 8 T w, B, dim. active operators” spin models (S =1)
Ey 1 1 K 1, 1,A 1 chain(trivial phase)
E} I I oy K 1,-1,A 2 (. B LR ladder
E, 1 10, o, K 1,-1,B; 2 (55555 Saya) ladder
E] | 0 oK 1, 1.5 2 (St Sy Figs ) ladder
Es Oy | ioy K 1,-1,B3 2 50550 Sapn ) ladder
E3 s I io. K 1, 1,B3 2 B Fogns B ) ladder
Ex 10, O 1K -1,1.A 2 k5 Bys Ouy) | chain(7, phase)
gg, IQic. I®o0: oy ® II{ K -1,-1,; ;L . S%gsg,z ,Ssgz ,SS;, )5’? il %aggel.
T O igz 'l'Cf;.; 19 1, 2 xzy Pxzy Py a er
E% ' 10, io, K 1,-1,B, 2 (5555 Foys) ladder
Eq i Oz o, K -1, 1,B3 2 (Oysy Six,Ox) chain(7. phase)
Ey| I®ic, I®o, o0,Q0i0.K -1,-1,B; 4 (8 ayus By FinrTs Saxx Oays S ) ladder
E1 10 10 ; O K -1, 1,B 2 £S5 s Sy ) chain(7% phase)
Ei I ®io. I®io: Oy R0 K -1,-1,B; 4 (Sfy:,ng,S;,Sg,Siz,Sf,Sl_y)" ladder
Ei, 10, 10, T -1,-1,B9 2 (s Dy chain(7, phase)
Ela| I®io. IQioc, 0y®i0,K -1, 1,Ba 4 0 s 5, 5, 5 5, BN ladder




Thanks for attention!




