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1.	  Model	  Hamiltonian:

2.	  Phase	  diagram	  of	  this	  model	  on	  square	  la8ce:
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A.	  Introduc@on
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QuesGons:
a.	  phase	  order	  of	  intermediate	  region	  
	  	  	  	  	  1.>	  column	  dimer	  

	  	  	  	  	  	  	  	  	  	  	  2.>	  plaque<e	  

b.	  transiGon	  points	  

V.	  Murg,	  F.	  Verstraete	  and	  J.	  Cirac,	  Phys.	  Rev.	  B	  
79,	  195119	  (2009)	  

M.	  Mambrini,	  Phys.	  Rev.	  B	  74,	  144422	  (2006)	  
:	  exact	  diagonalizaGon(ED)	  	  N=32	  	  

M.	  Zhitomirsky,	  Phys.	  Rev.	  B	  54,	  9007	  (1996)	  
:ground	  state	  energy	  comparison	  	  

:projected	  entangled	  pair	  states	  (PEPS),	  
structure	  factors	  	  

J.	  Richter	  and	  J.	  Schulenburg,	  Eur.	  Phys.	  J.	  B	  
73,	  117	  (2010)	  :ED	  and	  extrapolaGon:	  ~0.35	  
and	  ~0.66	  

J.	  Reuther	  and	  P.	  Wolfle,	  Phys.	  Rev.	  B	  81,	  
144410	  (2010):	  ~0.40-‐0.45	  and	  ~0.66-‐0.68	  



Some	  researches:
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extrapolaGon:	  ~0.35	  and	  ~0.66	  

1.	  	  



2.	  	  

2-‐d	  PEPS,	  bond	  means	  entangled	  D-‐	  
dimensional	  auxiliary	  spins,	  circle	  is	  
the	  projector	  mapping	  inner	  auxiliary	  
spins	  to	  physical	  spin.	  	  	  
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2.	  	  

2-‐d	  PEPS,	  bond	  means	  entangled	  D-‐	  
dimensional	  auxiliary	  spins,	  circle	  is	  
the	  projector	  mapping	  inner	  auxiliary	  
spins	  to	  physical	  spin.	  	  	   D=3	  

S	  



Plaque<e:	  S(vbc)	  finite,	  S(col)	  0	  
dimer:	  	  	  	  	  	  	  	  both	  finite	  

2.	  	  



Plaque<e:	  S(vbc)	  finite,	  S(col)	  0	  
dimer:	  	  	  	  	  	  	  	  both	  finite	  

2.	  	  

D=3,nearest	  spin-‐spin	  
correlaGon	  at	  J2/J1=0.6	  



Wave	  funcGon	  	  interpretaGon:	  saGsfying	  entropy	  area-‐law	  
2-‐d:	  Tensor	  network	  state	  (TNS)

B.	  Method:	  	  
tensor	  network	  state	  (TNS)



	  Plaque<e	  renormalizaGon
L.	  Wang,	  Y.-‐J.	  Kao	  and	  A.	  Sandvik,	  Phys.	  Rev.	  E	  83,	  056703	  
(2011)

Advantages:	  keep	  bond	  dimension	  (D)	  constant,	  small	  
Disadvantages:	  entanglement	  (violates	  area-‐law)	  



Task:	  Determine	  the	  tensors	  Ts	  and	  As.

computaGon	  cost	  of	  each	  contracGon:	  

Method:	  variaGonal,	  ground	  state	  energy

Graphic	  processing	  unit	  (GPU)	  is	  needed	  for	  this.	  

L.	  Wang	  et	  al.,	  Phys.	  Rev.	  E	  83,	  056703	  (2011)
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contracGon	  steps	  

  D7maximal	  cost:	  
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Norm	  or	  observables	  



J2/J1=0,	  Error:	  ~0.5%	  
ED:	  	  	  -‐0.701781,	  D=4:	  -‐0.69808

One	  transiGon	  
point:	  ~0.55-‐0.6

ground	  state	  energy	  VS.	  J2/J1
C.	  Results	  and	  discussions



One	  transiGon	  
point:	  ~0.55,	  
conGnuous

MagneGzaGon	  square	  VS.	  J2/J1



Size:	  L	  =	  4	  
D=2	  (black	  and	  blue)	  
ED	  (red	  and	  brown)	  

MagneGzaGon	  square	  VS.	  J2/J1

Mr.	  Hsiao’s	  thesis	  



MagneGzaGon	  square	  VS.	  J2/J1

Size:	  L	  =	  4	  
D=3	  (black	  and	  blue)	  
ED	  (red	  and	  brown)	  

Mr.	  Hsiao’s	  thesis	  



Increase	  system	  size:	  L	  =	  8

L=8,	  D	  =	  2

Two	  transiGon	  points:	  	  
1.	  ~0.60,	  first-‐order	  
2.	  unclear,	  conGnuous

Increase	  bond	  dimension:	  D	  =	  3

Symmetry	  applied:	  one	  quarter,	  
for	  big	  number	  of	  parameters

T1
A1
T2

T3 T4 T3 T4
T2T1

A1

A2 A2

A3 A3A4 A4

MagneGzaGon	  square	  VS.	  J2/J1



TransiGon	  points:	  
~0.45	  conGnuous	  
~0.60	  First-‐order

ground	  state	  energy	  VS.	  J2/J1



system	  size:	  L	  =	  8

TransiGon	  points:	  
~0.45	  conGnuous	  
~0.60	  First-‐order

MagneGzaGon	  square	  VS.	  J2/J1



system	  size:	  L	  =	  8
TransiGon	  
points:	  
~0.60

ground	  state	  energy	  VS.	  J2/J1



TransiGon	  
points:	  
~0.53	  
~0.60

MagneGzaGon	  square	  VS.	  J2/J1



Nearest	  spin-‐spin	  correlaGon:	  

J2/J1=0.1 J2/J1=0.55

Other	  correlaGon	  funcGons

-‐0.35	   -‐0.31	   -‐0.35	   -‐0.27	  

-‐0.36	   -‐0.30	   -‐0.36	   -‐0.22	  

-‐0.36	   -‐0.34	   -‐0.36	   -‐0.29	  

-‐0.36	   -‐0.35	   -‐0.36	   -‐0.35	  

-‐0.35	   -‐0.32	   -‐0.30	   -‐0.34	  

-‐0.36	   -‐0.35	   -‐0.36	   -‐0.36	  

-‐0.24	   -‐0.28	   -‐0.24	   -‐0.29	  

-‐0.34	   -‐0.36	   -‐0.26	  -‐0.37	  

-‐0.44	   -‐0.16	   -‐0.44	   -‐0.07	  

-‐0.45	   -‐0.14	   -‐0.45	   -‐0.03	  

-‐0.47	   -‐0.18	   -‐0.47	   -‐0.06	  

-‐0.46	   -‐0.45	   -‐0.45	   -‐0.46	  

-‐0.20	   -‐0.15	   -‐0.15	   -‐0.19	  

-‐0.45	   -‐0.44	   -‐0.45	   -‐0.46	  

-‐0.07	   -‐0.06	   -‐0.03	   -‐0.05	  

-‐0.20	   -‐0.47	   -‐0.08	  -‐0.46	  

system	  size:	  L	  =	  8,	  D=4



Plaque<e	  order	  parameter

0.21	   0.64	  

0.22	   -‐0.01	   0.24	  

0.65	   0.18	   0.66	  

0.62	  

J2/J1=0.55

system	  size:	  L	  =	  8,	  D=4

V.	  Murg	  et	  al.,	  Phys.	  Rev.	  B	  79,	  
195119	  (2009)	  

Other	  correlaGon	  funcGons

0.28	   0.22	  0.31	  

0.23	   0.07	  0.10	  

0.26	   0.20	   0.30	  

J2/J1=0.1



size	  effect?

MagneGzaGon	  square	  VS.	  J2/J1



Increase	  system	  size:	  L	  =	  16,	  but	  D	  =	  2	  

TransiGon	  
points:	  
~0.42	  
~0.62

ground	  state	  energy	  VS.	  J2/J1



MagneGzaGon	  square	  VS.	  J2/J1

TransiGon	  
points:	  
~0.42	  
~0.61

L=16,	  D=2
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0.807	  

0.106	  

-‐0.458	  
-‐0
.5
19

	  

-‐0.130	  

-‐0
.5
02

	  

-‐0.458	   -‐0.017	  

-‐0
.5
02

	  

-‐0
.5
18

	  

-‐0
.5
18

	  

-‐0.464	   -‐0.107	   -‐0.463	   -‐0.107	  

-‐0
.0
50

	  

-‐0
.0
27

	  

-‐0
.0
27

	  

-‐0
.0
50

	  

-‐0
.0
49

	  

-‐0.463	   -‐0.107	   -‐0.463	   -‐0.013	  

-‐0
.5
19

	  

-‐0
.5
02

	  

-‐0.460	   -‐0.012	  

-‐0.013	  

-‐0
.0
07

	  

-‐0
.0
07

	  

-‐0
.5
03

	  

-‐0
.5
17

	  

-‐0
.5
18

	  

-‐0.460	  -‐0.124	  
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L=16,	  D=2

correlaGon	  funcGons:	  	  
1.	  nearest	  spin-‐spin	  interacGon	  (Black	  numbers)	  
2.	  plaque<e	  order	  parameter	  (Red	  numbers)



system	  size:	  L	  =	  8



system	  size:	  L	  =	  8



D.	  Summary:	  
1.	  Phase	  transiGon	  points:	  
	  	  	  	  	  ~0.42	  (conGnuous)	  
	  	  	  	  	  ~0.61	  (first-‐order)	  
2.	  Phase:	  plaque<e	  order	  

3.	  method:	  	  
	  	  	  	  	  a)	  variaGonal	  
	  	  	  	  	  b)	  plaque<e	  renormalized	  TNS:	  	  
	  	  	  	  	  	  	  	  	  	  for	  other	  models.	  

first-‐order
conGnuous

Neel Collinear

J2/J1
0.42	   0.61	  

Plaque<e



Thank	  you	  
for	  your	  a<enGon!�


