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Tuning Fabry-Perot resonances via diffraction evanescent waves
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By studying acoustic and electromagnetic wave transmission through a periodic array of subwavelength
holes or slits with various channel lengths, we demonstrate both experimentally and theoretically that diffrac-
tion evanescent waves can play an important role in tuning the Fabry-Perot (FP) resonances. In particular, there
can be total transmission peaks at wavelengths much below that of the Rayleigh-Wood limit, and FP reso-
nances can occur for channel length ~16% thinner than the half wavelength. In addition, the FP resonance
condition can be tuned via both the periodicity and area fraction of holes. As a function of the ratio between the
periodicity and plate thickness, the FP resonance is smoothly linked to the surface-wave-like mode induced by

the periodic structure factor.
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I. INTRODUCTION

Fabry-Perot (FP) resonance is one of the most basic and
common phenomena in both classical and quantum physics.
It is a direct manifestation of the constructive or destructive
wave interference over a certain path length and can lead to
multiple transmission peaks as a function of frequency for
wave transmission through impedance-mismatched layers.
There is a renewed interest in electromagnetic FP reso-
nances, especially their relevance to the recently observed
transmission enhancement through subwavelength openings
in normally opaque objects,'® as well as to the ensuing de-
bate on the relative contributions of surface wave versus dif-
fraction in such phenomena.®!

It has been shown that light transmission through hole
arrays in perfect-conductor thin films, where there can be no
true surface waves, may be attributed (via Babinet’s prin-
ciple) to the reflection by the complementary structure con-
sisting of planar arrays of perfect-conductor disks.!”!8 Trans-
mission can always reach wunity at some resonant
wavelengths regardless of how small the holes are, while the
complementary system can exhibit perfect reflection for ar-
bitrarily small disks. These resonances were found to be as-
sociated with the divergence in structure factor, owing to the
coherent addition of the scatterings from the periodic array
of disks or holes. As a result, a quasisurface mode with fre-
quency close to the onset of the first diffraction order (wave-
length N slightly larger than the lattice constant a) always
exists. Such modes are denoted ‘“‘structure-factor-induced
surface modes,” or SF resonances. As the structure factor
mechanism is valid for either the electromagnetic or the
acoustic wave, it is expected that such a resonant transmis-
sion mechanism also applies to (scalar) acoustic waves. For
completeness, we present in the Appendix the relevant argu-
ments for the SF induced resonant transmission for both the
electromagnetic and acoustic waves.

In a separate development, it was found that total electro-
magnetic wave transmission through subwavelength open-
ings can also be associated with FP resonances. Inside the
subwavelength openings, either in slit!'~'* or annular
geometry, !’ standing wave patterns are formed along the lon-
gitudinal direction, giving rise to FP resonances.
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The purpose of this work is to show through both theory
and experiment that for thick hole arrays, the FP resonances
and the SF resonances are in fact the two limits of a single
resonance phenomenon, for both the acoustic and electro-
magnetic waves. Whereas the FP resonance is characterized
by constructive interference along the channel direction, the
SF-induced resonance is induced by lateral coupling. By
varying the plate thickness or channel length, one makes the
transition from the FP resonance (thick plate limit) to the SF
resonance (thin plate limit). Between the two limits there can
be interesting deviation from FP resonance conditions, owing
to the interaction of the diffraction evanescent waves. In par-
ticular, it is shown that acoustic and electromagnetic FP reso-
nant transmissions can occur not only at frequencies much
below the Rayleigh-Wood limit, but also for channel (path)
lengths significantly lower than the minimum half wave-
length usually required, tunable by varying either the period-
icity or the area fraction of holes, or both.

II. SAMPLES AND MEASUREMENTS

We first consider ultrasound transmission through a brass
plate of thickness 7, immersed in water. A square lattice array
of circular holes with radius r were drilled on the plate, with
lattice constant a >2r. A schematic picture of the unit cell is
shown as an inset to Fig. 1(a). The ultrasonic transmission
measurements in the regime of 0.2—0.8 MHz were done in a
large water tank. Two transducers were employed as ultra-
sonic generator and receiver, and the sample was placed be-
tween the two transducers. The ultrasonic beam was nor-
mally incident upon the sample and the transmitted signal
was collected by the receiver, collinear with the incident
wave. The transmission of ultrasonic waves through a
smooth brass plate was also measured as the reference. Apart
from measuring the far-field transmission, we have also
implemented near-field scanning to identify the role of sur-
face waves, if any, in the transmission process. A pinducer
with a diameter of 1.5 mm was mounted on a two-
dimensional translation stage and brought to a distance, z,
from the rear surface of the sample to detect the surface field
distribution. Scanning was done along the x-y plane parallel
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FIG. 1. (Color online) (a) Transmittance of an ultrasonic wave at
normal incidence through the structured brass plate with a
=2.0 mm, r=0.6 mm, and r=2.0 mm. (b) Transmittance of micro-
wave at normal incidence through the metallic grating of one-
dimensional slits with periodicity a=28 mm, slit width d=9 mm,
and thickness =38 mm. The transmission peak being >100% is
due to the finite size effect of the sample. The arrow indicates the
Rayleigh-Wood frequency. Insets: Schematic pictures of the unit
cells for the acoustic and electromagnetic samples.

to the brass plate surface, with a spatial resolution of 0.1
X 0.1 mm?.

For the electromagnetic (EM) case, we consider micro-
wave transmission through a metallic grating constructed by
stacking aluminum-alloy slabs with spacers at both ends. A
schematic picture of the unit cell structure is shown as an
inset to Fig. 1(b). A microwave of 1-12 GHz emitted from a
horn antenna was normally incident with the electrical field
perpendicular to the slits. By employing different-sized slabs
we measured three cases of periodicity-to-thickness ratio
=0.74, 1.48, and 2.95, with the area fraction of slits main-
tained at 32%.

There is a difference between the acoustic FP resonance
from the electromagnetic case, owing to the existence of the
scalar channel that allows the propagation of an acoustic
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wave through holes whose transverse dimensions are
subwavelength.? The simplified cases of a thin screen,?’?> a
single circular channel,>?* and one-dimensional slits>> have
received extensive prior attention. Specifically, we consider
here the acoustic transmission in the case of very long chan-
nels and found FP-like multiple transmission peaks appear-
ing at wavelengths much below the diffraction limit, noted to
differ from that studied in Ref. 25.

In Fig. 1(a) we show the measured acoustic wave trans-
mission as a function of frequency. It is seen that there can
be multiple transmission peaks well below the Rayleigh-
Wood frequency (the diffraction limit, indicated by the ar-
row, corresponds to the wavelength A=a at normal inci-
dence). A smooth brass plate of thickness 2.0 mm has a very
low transmittance of <10% within the measured frequency
regime, whereas for the structured brass plate two peaks at
0.310 and 0.598 MHz were observed, in good agreement
with the calculations to be described below. However, the
peak frequencies display no direct correlation with the FP
resonance condition. In Fig. 1(b), the EM transmission data
are shown. Three transmission peaks are seen. They likewise
do not correspond with the usual FP resonance condition.

III. THEORETICAL MODEL

In order to establish a useful model, we first note that the
relevant ultrasonic frequencies w>2m/7, where 7= pfrz/ n
=15 is the viscous relaxation time for water density ps
=1 g/cm?, viscosity 7=0.01 P, and r=0.1 cm. That implies
for the relevant frequencies the inertial force density is much
larger, and for the purpose of considering wave propagation
the fluid may be regarded as inviscid. We next consider the
relevance of a Stoneley?® wave (the elastic wave equivalent
to surface plasmon, bound and propagates along the fluid-
solid interface) to the present phenomenon, by directly mea-
suring the wave intensity as a function of distance z away
from the brass plate surface. By placing the pinducer at dis-
tances z=0.02 and 0.17 mm, the scanned acoustic wave in-
tensities at the transmission peak frequency of 0.598 MHz
are shown in Figs. 2(a) and 2(c), respectively. By considering
the plate as rigid (thus not allowing surface Stoneley waves),
the calculated intensity patterns at the same distances and
frequency are also shown in Figs. 2(b) and 2(d). The agree-
ment is seen to be excellent, implying that the surface wave
plays no role in the present transmission phenomenon.

For the EM case, there cannot be a true surface plasmon,
as there cannot be any tangential electric field on the metallic
surface in the microwave regime.27 Nevertheless, due to the
existence of slits, there can be surface-wave-like behavior
induced by the lateral structural factor.!”-!® The absence of a
surface Stoneley wave and surface plasmon simplifies the
transmission mechanism and implies that both acoustic and
EM phenomena may fall under a unified framework. The
theory and measured transmission data for both, as a
function of inverse plate thickness, are thus plotted in Figs. 3
and 4.

Consider the Helmholtz equation,

V2P + (0P D =0. (1)

1

For the acoustic wave, ¢=1490 m s~ and ® is the scalar
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velocity potential. For the EM case, ¢=3.0X 108 m s~! and

®=H, (the component parallel to the slit). From @ the local
displacement velocity is obtained as t=V® and pressure p
o« d®/dt. Given the magnetic field, the electric field is given
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by E =(i/ we) V X H. The potential can be expanded in terms
of the waveguide modes inside the hole [Eq. 2a) for the
acoustic wave case] or slit [Eq. (2b) for the EM wave case]
as

2 ‘IO(anp)[An exp(_ an) + Bn exp(ﬁnz)], (23)
(I)] = !
> cos[(nar/d)(x + dI2)|[E, exp(— iy,z) + F, exp(iy,2)]. (2b)
dJy(a,p)
In Eq. (2a), ai—ﬁﬁ=w2/ 2, Od—pp| p=,=0, where r is the radius of each hole, J, denotes the zeroth order Bessel function, p is

the transverse radial coordinate, and «,=x,/r is the radial wave vector, with x, being the nth zero of J,. In Eq. (2b) , v,
=\(w/c)*~(nm/d)? d is the width of each slit. The potentials in front of and behind the plate are expanded, respectively, as

Pexp(ioz/c) + 2, Cg G - ~i(wle) - G
plioz/c) + 2, C; exp(iG - p)exp[- iV(w/c)* — G*z], (3a)
G
(Dz = j
Pexplinzic) + X, K, exp(i2mmx/a)exp[— iV(w/c)® — 2mmla)*z], (3b)
m
and
> Dg exp(ié - plexpliV(w/c)* - G*z], (42)
&, = ‘ , >
> L,, exp(i2marx/a)exp[iN(w/c)? — 2mmila)*z], (4b)
m
|
(a) / / g o3 (b) [ 3.30 where the normally incident wave amplitude is denoted by P,
{ ' G=n127772+n22777y with 7, and n, being integers, and a denot-
o1 ’ 166 ing the periodicity for both the hole arrays (in the sonic case)
V & o ' and of the metallic grating (in the microwave case). The
é ‘ . D . ' oblique incidence case can be similarly treated by modifying
0 0 the expansions for @, and ®;. By requiring continuity of v,
Exoeriment Theor and p at the interfaces between @, ®@,, and @5 over the hole
’ g region, vanishing v, elsewhere on the interfaces for the
< — acoustic wave, by requiring the continuity of H, and E, at the
(c) 032 (d) = 270 . . . y o
[ | | surfaces of the grating over the slit region, and vanishing E,
elsewhere on the interfaces, we obtain the necessary equa-
! » i % p . N 13 tions for the solution of reflection and transmission coeffi-
N cients. Resonance modes are obtained by setting P=0. It can
e ‘ o, g, be seen from Fig. 3 that the EM wave transmission frequen-
- - cies for a metallic gratings with d/a=0.32 have identical
Experiment Theory behavior as the acoustic case for a hole array with r/a

FIG. 2. (Color online) Intensity distributions of pressure field at
the rear surface of the sample for two selected distances, z=0.02
and 0.17 mm, at the resonance frequency of 0.598 MHz. The
sample has the same parameter values as those in Fig. 1. (a) and (b)
are the measured and calculated field pattern at z=0.02 mm, respec-
tively; (¢) and (d) are the same for z=0.17 mm, respectively. The
holes are delineated by dashed lines.

=0.30.

The predictions of the theory, as well as the experimental
results, are shown in Figs. 1(a) and 1(b). It is seen that with
no adjustable parameters, the agreement is very good, espe-
cially in the positions of the transmission peaks. For the EM
case, the solid line in this case is obtained from the finite-
difference time-domain simulation.®
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FIG. 3. (Color online) Calculated acoustic and EM transmission
frequencies for a square lattice of holes and metallic grating, re-
spectively, plotted as a function of inverse channel length. Black
solid lines are for normal incidence, whereas the green and red lines
are for incident angle 6=30° along the [1,1] and [0,1] directions,
respectively. Green (30° I'M) and red (30° I'X) dashed lines indi-
cate the Rayleigh-Wood frequencies along these two directions.
Black dashed lines delineate the Fabry-Perot condition, t=n\/2,
with the order n denoted. The magenta dashed line represents the
EM wave transmission peaks at normal incidence for a metallic
grating with d/a=0.32. The blue line is determined by Eq. (5), with
a slope of ~0.42 (i.e., t=0.42\). Inset: Calculated resonant trans-
mission frequencies for a plate with a square lattice of holes, in
which a=2.0 mm, t=1.0 mm, and r is varied from 0.1 to 1 mm. A
minimum occurs at r=0.3a.

IV. CHARACTERISTICS OF THE TRANSMISSION
RESONANCES

We wish to show that the observed transmission peaks are
the manifestation of a type of resonance mode that has FP
and SF resonances as the two limits. The diffraction evanes-
cent modes play an important role in interpolating between
the two limits. To make explicit the role of diffraction eva-
nescent modes, we resort to analyzing the acoustic problem
by retaining only one cylindrical mode [Jo(a;p)=Jy(0)=1]
and five plane wave modes [G=(0,0) and G=(x1, il)zf],
both in @, and ®;. In principle, by keeping more cylindrical
modes and more plane wave modes, the results obtained
should be more accurate, but they do not add to the physical
understating. With the minimal number of modes, the result-
ing resonant mode equation for the acoustic case can be ex-
pressed as

_ 3k k2
tan(2tw/c) = 2a tad , (5)
m(1-f) 53 2a
2—(1 kl 772_
16J7(27r/a) t

in which ky=w/c, k;=\(2m/a)*~(w/c)? is the diffraction
evanescent wave vector, f denotes the area fraction of holes,
and J, is the first order Bessel function. Equation (5) is in-
structive, since a vanishing right-hand side would directly
yield the FP resonance condition, z=n\/2, \ being the wave-
length. A combination of hole and periodic diffraction eva-
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nescent wave effects constitute the correction to the usual FP
condition in the form of a nonzero right-hand side, implying
that the FP resonance can be tuned by varying the periodicity
and area fraction of holes. We denote such resonances the
FPEV resonances (EV means evanescent wave).

In Fig. 3 we show the FPEV resonance frequencies plot-
ted as a function of inverse plate thickness. The FP condition
is indicated by the black dashed straight lines, for n=1-4,
with slopes of 0.5, 1, 1.5, and 2, respectively. The FPEV
frequencies are shown as solid black (normal incidence) and
red and green (30° oblique incidence) lines. Compared with
the FP resonances, it is seen that the FPEV resonances al-
ways occur at lower frequencies, as though the effective
plate thickness is greater than 7. The prediction of Eq. (5), for
the n=1 FPEV resonance, is shown as the blue line. Except
in the region of very small a/t values, the blue line has a
slope of 0.42. Thus the effect of the diffraction evanescent
waves is to shift the resonance condition by ~16%, in the
direction of smaller channel length. The difference between
the prediction of Eq. (5) and the red and green lines appears
at the small ¢ limit, where the transmission peak frequency
shows a clear dependence on the incidence angle. This is
characteristic of the surface-wave-like mode induced by the
SF resonance.'”!® In fact, these transmission peak frequen-
cies all occur at close to the Rayleigh-Wood limit, as re-
quired by the SF resonance condition. Thus the lowest fre-
quency FPEV resonance, which shows little or no
dependence on the incidence angle, is smoothly converted to
the structure-factor-induced surface mode in the thin-plate
limit. The diffraction evanescent wave contributions are
dominant at the intermediate values of a/f. To a lesser de-
gree, similar behavior can be observed for the higher order
FPEVs.

In the same figure we also show (the magenta line) the
prediction of the EM wave case for a metallic grating. The
fact that the acoustic and EM curves are almost identical
implies a unified framework for the underlying mechanism,
as expected.

It is seen that as the ratio a/t increases, the lowest order
evanescent waves [Eq. (5)] can no longer account for the
resonant frequency trajectory. Also, in the large a/t limit the
curves also display pronounced incident angle dependence,
in contrast to FP resonances, which are nearly independent of
the incidence angle. These are the signals for (1) the lateral
scattering interaction is contributing much more to the reso-
nant modes, hence the lowest order evanescent modes are no
longer sufficient to account for such strong lateral interac-
tions, and (2) with the increased lateral interaction, the SF
effect becomes more pronounced, implying incidence angle
dependence as shown in the Appendix.

The inset to Fig. 3 shows the FPEV’s frequency depen-
dence (lowest frequency mode) on r/a for the acoustic case.
There is a clear minimum, indicating a competition between
the single-hole evanescent wave diffraction effect and the
influence of periodic array on a single hole. Only when the
two effects are constructively combined, the biggest devia-
tion from the usual FP resonant condition is achieved, as
shown in the inset.

We have also measured the acoustic samples with various
plate thicknesses ranging from 0.5 to 3.1 mm. Figure 4 sum-
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FIG. 4. (Color online) Solid symbols and solid lines are the
measured and calculated resonant transmission frequencies of a nor-
mally incident acoustic wave on a square lattice of holes with r
=0.3a, respectively. The solid lines are the same as the black solid
lines in Fig. 3. Star symbols (measurement) and dashed lines (cal-
culation) denote the case of an acoustic wave at 20° incidence angle
along the [0,1] direction. Open symbols represent the measured
transmission peaks of a normally incident microwave on a metallic
grating with d/a=0.32. The inset shows the measured acoustic
transmittances at normal incidence for various plate thicknesses,
with ¢=2.0 mm and r=0.6 mm. The thickness (in mm) of each
plate is given to the right of the spectrum.

marizes all the measured transmission peak frequencies for
the acoustic and the EM cases and their comparison with
theory. Excellent agreement is seen. In particular, the experi-
mental data demonstrate the validity of the scaling relation

w

o (‘—’12 ) (6)
27'rc/a_g" )

where w, is the FPEV resonance frequency, the subscript n

denotes the order of the FPEV resonances, lginc denotes the
unit vector along the incident direction, and g, represents a
function with two arguments. Equation (6) demonstrates that
the FPEV resonance frequencies for the hole array depend on
three nontrivial variables: the ratio a/t, the incidence direc-
tion, and the order of the resonance n. The ratio r/a (or the
area ratio of the openings) can slightly adjust the frequencies
in the intermediate a/¢ regime.

V. CONCLUDING REMARKS

We have shown that both acoustic and electromagnetic
waves share the common resonant transmission phenom-
enon, with FP and SF induced resonances as the two limits.
Generalization of the basic ideas presented in this work may
offer experimental tests to the role of diffraction evanescent
waves in the subwavelength optical transmission
phenomenon.
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APPENDIX

According to Babinet’s principle, light transmission
through a hole array in perfect-conductor thin film is related
to the reflectance of the complementary structure consisting
of a planar array of perfect-conductor thin disks. Hence to
demonstrate SF-induced resonance mechanism for perfect
transmission through hole arrays, it is only necessary to dem-
onstrate the perfect reflection of its complementary structure.
By following the approach that has been given by Garcia de
Abajo et al.,''® this can be obtained self-consistently by
solving for the electric dipoles induced on the disks,

pr=apE™(R) + ar 2 GE¥ pp, (AD)
R'#R

where 15 and IE’ label dislg)sites, ag is the electric polariz-

ability of the disks, and G’,;R "is the dipole-dipole interaction
dyadic.!” At normal incidence on periodic arrays, the polar-
ization is the same for all disks, given by

1
P= , (A2)
- GE
Qg
where
Gr= 2, (B + )™ IR, (A3)

R#0
It follows that the reflectance of the disk array, which equals

the transmittance of the complementary hole array, is given
by

1

T= (Ad)

A . 2
1+ (ﬁ{ Re{ay — GE}>

where A is the area of the unit cell.

The structure factor G diverges when one of the reflected
beams goes grazing, and in particular near A=a, the period
of the square array. As shown in Ref. 17, Re{Ga’}
~4m\2/\N/a—1+35 exp[-22(\/a-1)]-118. Obviously,
Gg diverges as A—a*. Thus even for an arbitrarily small
hole diameter, there is always one wavelength A>a for
which the second term in the denominator of Eq. (A4) van-
ishes, implying perfect transmittance (reflectance) at that fre-
quency for the arrays of holes (disks). Evidently, this diver-
gence of Gy is closely related to the structure factor of the
system.

For (scalar) acoustic waves, a similar conclusion can be
made. Evidently, it is more convenient mathematically to
deal with a square array of spheres instead of a square array
of disks, with the underlying physics being the same. It was
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shown? that the far-field scattering amplitude of a sound-
soft sphere (with radius a) induced by a plane incident wave
can be written as —a%kr in the small sphere limit of ka<<1.
Thus an “acoustic polarizability” a=-—a can be similarly de-
fined by self-consistently writing down the following equa-
tion:

pr=al(R)+a X Grgrprr, (A5)

R'#R

where R and R’ label the sphere sites, pg is the secondary
source strength at position R, I(R) denotes the incident
acoustic field, and Ggg: is the acoustic field at R induced by

the scattered field of the sphere at R'. At normal incidence on
periodic arrays, the “acoustic polarization” is the same for all
spheres, given by

p=1—1, (A6)
--G
o

where

PHYSICAL REVIEW B 76, 054303 (2007)

G= 2, R,
R#0

(A7)

Just like the EM wave case, G diverges as N—a®*. Thus,
given an arbitrarily small sphere radius a, there is always one
wavelength N>a for which the denominator of Eq. (A6)
vanishes, implying the coherent interaction of all the spheres,
leading to the divergence of the acoustic impedance of the
square array of the spheres. At this resonant frequency, the
reflection from the sphere or disk array would be 100% due
to the divergence of its impedance. From Babinet’s principle,
acoustic transmission through the hole arrays in a thin rigid
slab can reach 100% due to the SF mechanism.

It should be noted that for the SF induced mechanism, the
resonance frequency can vary with the incidence angle.
When the light (or sound) wave is obliquely incident with an
incident angle 6;, the divergence frequency w, of the struc-
ture factor G should be determined by the condition that the
first-order diffraction beam becomes tangent to the plane of
grating, i.e., w;=27c/[a(l+sin 6;)]. It follows that the reso-
nant transmission frequency is also dependent on the inci-
dent angle since the resonant frequency is slightly smaller
than the divergence frequency w,.
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