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Abstract

Electrorheological (ER) fluids are a class of materials whose rheological
properties are controllable by the application of an electric field. A dielectric
electrorheological (DER) fluid is the simplest type of ER fluid, in which the
material components follow a linear electrostatic response. We review and discuss
the progress of the studies on physics of this type of material. A first-principles
theory of DER fluids, along with relevant experimental verifications, are presented
in some detail. In particular, the properties presented include static equilibrium
structure, shear modulus, static yield stress and its variation with applied electric
field frequency, and structure-induced dielectric nonlinearity.
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1. Introduction

Electrorheological (ER) fluids are a class of materials whose rheological proper-
ties are controllable by the application of an electric field. During the past two
decades, there has been a renewed interest in ER fluids research. The understanding
of the ER mechanism, and the search for better ER materials, are the focus of much
theoretical and experimental study [1–4].

It is the purpose of this paper to review studies on the physics of the simplest type
of ER fluid: uniformly sized, solid dielectric spheres dispersed in a liquid. Both the
solid and the liquid components are assumed to follow a linear electrostatic response
under an applied field (although the composite system may not, as seen below). We
denote this type of ER fluid as a dielectric electrorheological (DER) fluid.

A heuristic picture of the ER mechanism may be stated as follows. Due to the
dielectric constant contrast between the solid particles and the liquid, each solid
particle is polarized under an electrostatic field, with an effective dipole moment. The
resulting dipole–dipole interaction means that the particles tend to aggregate and
form columns along the applied field direction, with a microstructure inside the
columns predictable from the dipole–dipole interaction [5]. However, such a picture
leaves many questions unanswered. For example, multipole interactions are neces-
sarily important as the particles are in close contact with each other in the aggregated
state. Moreover, local fields should be properly taken into account. These two
considerations make accurate simulations very difficult. In addition, the heuristic
picture takes into account only the difference in the real part of the solid and liquid
dielectric constants, whereas in reality some finite imaginary part in the dielectric
constants may exist due to conductivity and/or relaxational effects. The physical
implications of the imaginary part of the dielectric constant, and how they can be
calculated, are important questions for the realistic prediction of DER fluid
properties.

In this article, a first-principles investigation of DER fluids is presented as the
unifying theme, under which the relevant literature is reviewed. By formulating the
search for ground state configuration in terms of effective dielectric constant
maximization, the free energy density of the system has been calculated via the
Bergman–Milton representation [6–8]; multipole interaction, local field, and the
contribution from the imaginary part of the dielectric constant are thereby
accurately accounted for. Delineation of a shear distortion path from the ground
state configuration leads directly to the definition of the shear modulus and the static
yield stress of DER fluids. As a by-product, we give the upper bounds for the shear
modulus and the static yield stress, quantities important for potential applications.
From an intuitive understanding of the upper bounds we propose an optimal
structure for the solid spheres that maximizes the yield stress. Perhaps it is equally
important to note that the topic of dynamic yield stress is beyond the scope of the
present work, but in the literature there have been many simulations on the dynamic
aspects of DER fluids.

Bonnecaze and Brady [9, 10] have formulated a theory incorporating the
dynamics of both fluid and solid particles. Simulations based on this formulation
were performed on systems consisting of 25 or 49 particles, in two spatial
dimensions. Klingenberg et al. [11–14] carried out simulations based on the
interaction of point dipoles with hard core repulsion, coupled with Stokes hydro-
dynamic drag on the particles. They studied the rheology and kinetics of structure
formation in DER fluids. Hass [15] performed simulations excluding the Brownian
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force, and analysed the structure formation from his data. Similar studies were also
performed by Tao’s group [16, 17], and Wang et al. [18, 19]. Hu et al. [20] did
simulations by considering the torque on solid particles and, based on a simple
model, partly included the two-body hydrodynamic interactions. Conrad and
coworkers [21–26] have developed model theories along with their experimental
studies.

The paper is organized as follows. General formulation of the DER fluids model
in section 2 is followed by a more detailed exposition of the relevant theoretical tools
in section 3. In section 4 we present the results for the optimal ground state structure
of DER fluids. Delineation of the shear distortion, and calculation of the shear
modulus and yield stress, are presented in section 5. In section 6 we give the upper
bounds to the shear modulus and yield stress, and propose an optimal coating
structure for the solid spheres that can maximize the yield stress. In section 7 we
present experimental results to compare with the theoretical predictions, and show
that the frequency (of the applied electric field) dependence of the yield stress may be
accounted for by the Debye relaxation effect in solid dielectric particles. We conclude
with a few remarks on prospects for future research. Technical details of the theory
are given in the appendices.

2. Formulation

In ER fluids, the operating frequency of the applied electric field is generally less
than 10 kHz; thus the relevant electromagnetic wavelength is larger than a few
kilometres. Comparison with the size of ER particles and their separations, which
are almost always less than 10microns, means that the ER fluid system is firmly in
the so-called long wavelength, or electrostatic limit. It is the purpose of the present
formulation to focus on the equilibrium state of DER fluids and their associated
properties. Hence the dynamic process of structure formation is beyond the scope of
the following discussion. The response of the system to an external electric field is
therefore completely captured by a 3� 3 effective dielectric constant tensor,

~""eff ¼
�""xx �""xy �""xz

�""yx �""yy �""yz

�""zx �""zy �""zz

0
@

1
A;

where each matrix element is a complex number, with the imaginary part denoting
the conductivity or relaxational effect. The Gibbs free energy density f of the system
is given by [27, 28]

f ¼ � 1

8p
E �Re ~""eff

� �
� E� TS; ð2:1Þ

where Re ð Þ means the real part of the quantity in the parentheses, T denotes
temperature, S the entropy, and E ¼ �V=‘ the externally applied electric field,
assumed to be in the z direction, with �V the voltage difference across the sample
and ‘ the sample thickness. In equation (2.1) and those that follow, electrostatic units
(esu) are used. In this work, we consider only those cases where spheres in the DER
fluids are larger than a few microns, and/or the electric field is large (the first term on
the right-hand side of (2.1) is much larger than the second term), i.e. the high field
state. In these cases the entropy effect due to Brownian motion of the particles is
negligible. Hence the free energy density may be written as
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f ¼ � 1

8p
Re �""zzð ÞE2: ð2:2Þ

Equation (2.2) follows directly from the first term on the right-hand side of equation
(2.1) if the electric field direction is defined to be the z direction. In this case the

electric field defines one of the principal directions of the dielectric tensor, hence only
one element of the tensor appears in (2.2).

As the physical system is governed by the principle of minimum free energy, the
search for the high field ground state of the DER fluid is thereby transformed to an
optimization problem where the real part of "zz is maximized with respect to the
positions of the solid spheres. It should be noted that due to the microstructure

change associated with this optimization process, the effective dielectric constant
tensor of the ER fluid system is necessarily nonlinear. That is, ~""eff varies as a
function of E. This fact has been experimentally demonstrated [29], as presented
below.

The search for the high field ground state may be limited to periodic structures,

which follows from the plausible assumption that, for the ground state, the local
microstructure should be unique. From physical considerations, the body-centred
tetragonal (BCT) structure and the face-centred cubic (FCC) are good candidates.
The former is formed by chains of spheres aligned along the z direction, where each
chain (the central chain) is surrounded by four neighbouring chains shifted by one

radius (in the z direction) from the central chain. This structure has the advantage
that a chain of spheres is clearly the lowest energy state for polarized dipoles. The
one radius shift between the nearest neighbour chains (while maintaining sphere–
sphere contacts between the neighbouring chains) makes the angle between the
centres of two neighbouring chain spheres 608. While this angle is slightly larger than

the magic angle of 54:78 for the dipole–dipole interaction (where the sign of
interaction changes), a more accurate calculation, taking into account other than
the nearest neighbours and dipole interactions, shows the chain–chain interaction to
be weakly attractive, thus further reducing the energy. The FCC structure has the
advantage that it has the highest packing density. Besides the BCT and FCC, in the

following we also consider the body-centred cubic (BCC), the hexagonal close-
packed (HCP), and the diamond structures. It will be shown that the BCT structure
is indeed the ground state, but the difference in energy from the FCC is very small.
We also show below that FCC and HCP have almost the same free energy to within
the accuracy of calculation.

The elastic moduli of a crystal are usually defined by distortions from the ground
state. In the case of the high field (HF) ground state of the ER fluid, however, the
compressional modulus is generally ill defined. That is because in the HF ground
state, each solid sphere experiences an inward compressional electrostatic pressure
from neighbouring spheres, which is counterbalanced by steric repulsion between the

spheres. Therefore if only the electrostatic part of the energy density is considered,
the system would not be in the force-balance state. Hence it is not possible to define a
compressional modulus by considering only the electrostatic energy density. The
situation is different for the shear modulus and the static shear yield stress, because it
is possible to define a shear distortion path whereby the spheres remain in contact
with each other. From the calculated shear stress versus the shear strain curve, one

can directly evaluate the shear modulus as the initial linear slope of the stress–strain
relation, and the yield stress from the peak position of the same. The yield stress so
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obtained is defined as the static yield stress, to be distinguished from the dynamic
yield stress which involves ER fluid dynamics. We show that in the presence of water
or conducting ions, the static yield stress can vary as a function of applied electric
field frequency, generally decreasing as the frequency increases beyond a few
hundred hertz.

It should be noted that a significant difference between the HF-ER fluid solid and
the usual atomic solids is that the yield stress of an ordinary solid is generally related
to the dislocation density and other imperfections, whereas in ER fluids we find good
agreement between the experimental static yield stress and that calculated from shear
distortion from the ground state, as described above.

3. Effective dielectric constant evaluation

The formulation of the DER fluid problem shows the evaluation of the effective
dielectric constant to be an essential element. Here the various effective medium
theories are inapplicable, since they do not account for the microstructural details of
the system, which are vital in our case. We therefore use the exact theory of the
Bergman–Milton representation [6–8] to calculate �""zz. In this formulation we will use
the principal axes of the dielectric tensor as our coordinates so that we need to
calculate only the diagonal elements of the dielectric tensor.

Consider n grains with dielectric constants "i, i ¼ 1; 2; 3; . . . ; n, embedded in a
liquid matrix with dielectric constant "‘. The multi-component formulation is
necessary because we consider dielectric spheres coated with different types of
materials, i.e. multiply-coated microspheres. The spatially varying dielectric constant
of the system can be written as

"ðrÞ ¼ "‘ 1� 1

s1
�1ðrÞ �

1

s2
�2ðrÞ � � � � � 1

sn
�nðrÞ

� �
; ð3:1Þ

where

si ¼
"‘

"‘ � "i
ð3:2Þ

are complex numbers which constitute the materials input to the problem. �iðrÞ is the
characteristic function, defined as

�iðrÞ ¼
1 in the region of "i;

0 otherwise:

(
ð3:3Þ

The static electric potential is the solution of the following equation

r � ð"ðrÞr�ðrÞÞ ¼ 0: ð3:4Þ

The boundary condition of the problem is given by (with unit electric field)

�ðx; y; z ¼ 0Þ ¼ 0;

�ðx; y; z ¼ ‘Þ ¼ ‘: ð3:5Þ

Here ‘! 1 in actual calculations. It is perhaps instructive to note here that in ER
fluid systems, the metallic electrodes not only apply the electric field, but also serve to
reduce the depolarization field effect through the image dipoles. As the same is not
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true for magnetorheological systems, the magnetic depolarization effect is a major
element to be considered.

We first consider the solution of equation (3.4) in the case of only one type of
grain. In this case the dielectric constant of the system, equation (3.1), becomes

"ðrÞ ¼ "‘ 1� 1

s
�ðrÞ

� �
; ð3:6Þ

where the material characteristics of the problem are contained in the complex
parameter

s ¼ "‘
"‘ � "1

; ð3:7Þ

whereas the microstructure is implied by the indicator function

�ðrÞ ¼
1 in the region of "1

0 otherwise:

(
ð3:8Þ

The physical value of s cannot lie in the interval of ½0; 1� on the real axis, because
when "‘ and "1 are both real, s has to be less than zero or greater than 1. If one or
both were complex, then s is away from the real axis unless "‘ and "1 are
proportional. In that case the proportionality constant must be positive, since
otherwise one of the imaginary parts of the dielectric constants would be negative
and hence unphysical. This requirement renders s to be outside the interval ½0; 1�.
This property of the material parameters is important in later discussions.

Substitution of equation (3.6) into (3.4) yields

r2�ðrÞ ¼ 1

s
r � ð�ðrÞr�ðrÞÞ: ð3:9Þ

By regarding the right-hand side of equation (3.9) as the source term, we may solve
for �ðrÞ by using Green’s function, whereby the solution can be written as a sum of
two parts: the solution of the homogeneous Laplace equation which satisfies the
boundary conditions (�0 ¼ E0z ¼ z in our problem, as E0 ¼ 1 by definition), plus the
integral of the Green’s function of the Laplacian

Gðr; r0Þ ¼ 1

4pjr� r0j ; ð3:10Þ

multiplied by the source term. That is,

�ðrÞ ¼ z � 1

s

ð
dV 0Gðr; r0Þr0 � ð�ðr0Þr0�ðr0ÞÞ: ð3:11Þ

The second term on the right-hand side of equation (3.11) can be rewritten through
integration by parts:

� ¼ z þ 1

s

ð
dV 0�ðr0Þr0Gðr; r0Þ � r0�ðr0Þ: ð3:12Þ

We define a linear integral operator ĜG as

ĜG�ðrÞ �
ð
dV 0�ðr 0Þr 0Gðr; r 0Þ � r 0�ðr 0Þ: ð3:13Þ

In terms of ĜG, equation (3.12) can be written in a more compact form as
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� ¼ z þ 1

s
ĜG�: ð3:14Þ

The operator ĜG is Hermitian under the following definition of the inner product:

h j�i ¼
ð
dV�ðrÞr �ðrÞ � r�ðrÞ: ð3:15Þ

To prove this statement, it is simple to observe that

h jĜGj�i �
ð
dV�ðrÞr ðrÞ� � r

ð
dV 0�ðr0Þr0Gðr; r0Þ � r0�ðr0Þ

� �

¼
ð
dV�ðrÞ

ð
dV 0�ðr0Þr ðrÞ� � rr0Gðr; r0Þ � r0�ðr0Þ

¼ h�jĜGj i�:

The eigenvalues of the operator ĜG are therefore real. It can be further proved that all
eigenvalues of the operator ĜG are bounded in the interval ½0; 1� [6]. As the material
parameter s cannot be in the interval ½0; 1�, equation (3.14) can thus be inverted to
give a formal solution of �:

� ¼ 1� 1

s
ĜG

� ��1
z: ð3:16Þ

With this formal solution, we can now write down an expression for the effective
dielectric constant which, by definition, is obtained as the ratio of the spatial average
of the displacement vector D to the applied electric field. Since the applied electric
field is in the z direction, the zz component of the effective dielectric constant can be
written as

"zz ¼
1

V

ð
dV "‘ð1� �ðrÞÞ þ "1�ðrÞ½ � @�ðrÞ

@z
¼ "‘ 1� 1

V

ð
dV

1

s
�ðrÞ @�ðrÞ

@z

� �
: ð3:17Þ

The integral in equation (3.17) can be transformed to an inner product form defined
by equation (3.15): ð

dV�ðrÞ @�ðrÞ
@z

¼
ð
dV�ðrÞez � r�ðrÞ

¼
ð
dV�ðrÞrz � r�ðrÞ

¼ hzj�i;

where ez is the unit vector in the z direction. The effective dielectric constant can
therefore be expressed as

"zz ¼ "l 1� FðsÞð Þ; ð3:18Þ

with

FðsÞ � 1

V

1

s
hzj�i: ð3:19Þ

By using the formal solution of � given in equation (3.16), (3.19) becomes
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FðsÞ ¼ 1

V

1

s
hzj�i

¼ 1

V
hzjðs � ĜGÞ�1jzi

¼ 1

V

X
u

jhzj�uij2

s � su
; ð3:20Þ

where su and �u are, respectively, the (real) eigenvalues and eigenfunctions of
operator ĜG. The last line of the equation (3.20) was obtained by inserting a
completeness relation

P
u j�uih�uj ¼ 1 into the expression. In equation (3.20), the

material parameter s and the geometric structure information, contained in su and
�u, are clearly separated. Since s is a complex number, this separation affords a clear
depiction of the effect of conductivity (or the imaginary part of the dielectric
constants). Because the free energy (which must be real) is directly proportional to
the real part of "zz, equation (2.2), hence the structure, stress and other physical
effects (derivable from the free energy) enter only through the real part of the
effective "zz. The imaginary part of "zz gives the overall dissipation of the system. In
the expression for "zz, since su and jhzj�uij2 are real numbers, it is clear from
equation (3.20) that the imaginary part of the component dielectric constants (or s)
do have a non-trivial contribution to the real part of (the effective) "zz, and hence the
ER effect.

Now we turn to the more general case of multi-component formulation. It is
parallel to the simple case detailed above. Starting from equations (3.1) and (3.4), we
obtain

r2�ðrÞ ¼
Xn

i¼1

1

si
r � ð�iðrÞr�ðrÞÞ: ð3:21Þ

The solution of equation (3.21) with boundary conditions (3.5) can be formally
written as:

�ðrÞ ¼ z �
Xn

i¼1

1

si

ð
dV 0Gðr; r0Þr0 � ð�iðr0Þr0�ðr0ÞÞ: ð3:22Þ

Integration by parts yields

� ¼ z þ
Xn

i¼1

1

si

ð
dV 0�iðr0Þr0Gðr; r0Þ � r0�ðr0Þ: ð3:23Þ

We define linear integral operators ĜGi, i ¼ 1; 2; . . . ; n as

ĜGi�ðrÞ �
ð
dV 0�iðr 0Þr 0Gðr; r 0Þ � r 0�ðr 0Þ: ð3:24Þ

In terms of ĜGi, equation (3.23) can be written in a more compact form as

� ¼ z þ
Xn

i¼1

1

si
ĜGi�: ð3:25Þ

The operator ĜGi is Hermitian under the following definition of the inner product:
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h j�ii ¼
ð
dV�iðrÞr �ðrÞ � r�ðrÞ; ð3:26Þ

because

h jĜGij�ii �
ð
dV�iðrÞr ðrÞ� � r

ð
dV 0�iðr0Þr0Gðr; r0Þ � r0�ðr0Þ

� �

¼
ð
dV�iðrÞ

ð
dV 0�iðr0Þr ðrÞ� � rr0Gðr; r0Þ � r0�ðr0Þ

¼ h�jĜGij i�i :

The zz component of the effective dielectric constant can now be written as

"zz ¼
1

V

ð
dV "‘ 1�

Xn

i¼1
�iðrÞ

 !
þ
Xn

i¼1
"i�iðrÞ

" #
@�ðrÞ
@z

¼ "‘ 1� 1

V

Xn

i¼1

ð
dV

1

si
�iðrÞ

@�ðrÞ
@z

 !
: ð3:27Þ

The integral in equation (3.27) can be transformed to an inner product form defined
by equation (3.26): ð

dV�iðrÞ
@�ðrÞ
@z

¼
ð
dV�iðrÞez � r�ðrÞ

¼
ð
dV�iðrÞrz � r�ðrÞ

¼ hzj�ii:

Thus the effective dielectric constant can be written as

"zz ¼ "l 1� Fðs1; s2; . . . ; snÞð Þ; ð3:28Þ
where

Fðs1; s2; . . . ; snÞ ¼
1

V

Xn

i¼1

1

si
hzj�ii: ð3:29Þ

From equation (3.29) we see that the potential itself is not needed if we are only
interested in the evaluation of the effective dielectric constant. The only quantities
required are the inner products hzj�ii. To establish a working procedure in the
evaluation of these inner products, we expand the potential � inside a grain in terms
of the grain eigenfunctions, defined as

ĜGi�iuðrÞ ¼ siu�iuðrÞ; ð3:30Þ
where siu and �iuðrÞ are the eigenvalues and eigenfunctions of ĜGi.

The expansion of �ðrÞ inside the ith grain can be written as

�þi ðrÞ�ðrÞ ¼
X

u

Aiu�
þ
i ðrÞ�iuðrÞ; ð3:31Þ

where Aiu denotes the expansion coefficients, and �þi ðrÞ is an indicator function
which takes the value 1 both inside the grain i and in an infinitesimal shell on the
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grain surface. The purposes of �þi ðrÞ are: (1) it limits the expansion only in the grains,
and (2) it avoids the delta functions which will result from differentiations if �iðrÞ is
used. From equation (3.25), we have inside the grain i

�þi ðrÞ�ðrÞ ¼ �þi ðrÞz þ �þi ðrÞ
ð
dV 0r 0Gðr; r 0Þ �

Xn

j¼1

1

sj
�jðr 0Þr 0�ðr 0Þ: ð3:32Þ

Substitution of equation (3.31) into (3.32) leads toX
u

Aiu�
þ
i ðrÞ�iuðrÞ ¼ �þi ðrÞz

þ �þi ðrÞ
ð
dV 0r 0Gðr; r 0Þ �

Xn

j¼1

1

sj
�jðr 0Þr 0

X
v

Ajv�jðr 0Þ�jvðr 0Þ:

ð3:33Þ

By taking the gradient of both sides, multiplying by r��iu and integrating, we obtain

Aiu ¼ ziu þ
Xn

j¼1

X
v

Ajv
1

sj

ð
dV�iðrÞr��iuðrÞ � r

ð
dV 0�jðr 0Þr 0Gðr; r 0Þ � r 0�jvðr 0Þ

¼ ziu þ
Xn

j¼1

X
v

Ajv
1

sj
sjv

ð
dV�iðrÞr��iuðrÞ � r�jvðrÞ:

That is,

Xn

j¼1

X
v

ð
ij
uv �
1

sj
ĜGiu;jvÞAjv ¼ ziu; ð3:34Þ

where

ĜGiu;jv ¼ sjv

ð
dV�iðrÞr��iuðrÞ � r�jvðrÞ: ð3:35Þ

The effective dielectric constant may be represented as

"zz ¼ "‘ 1� 1

V

Xn

i¼1

1

si

ð
dV�iðrÞ

@�ðrÞ
@z

 !

¼ "‘ 1� 1

V

Xn

i¼1

X
u

1

si
Aiu

ð
dV�iðrÞ

@�iuðrÞ
@z

 !

¼ "‘ 1� 1

V

Xn

i¼1

X
u

1

si
Aiuziu

 !
:

In the above equations, we have used the definition

ziu �
ð
dV�i

@�iuðrÞ
@z

:

In the following we concentrate on grains of spherical shape, i.e. dielectric
spheres, singly or doubly coated. In these cases the basic building blocks are spheres
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and spherical shells. The eigenvalues and eigenfunctions for this type of geometry
can be obtained analytically. Details are given in appendix A.

When the spheres form periodic structures, the above formulae can be further
simplified for practical computation. Suppose the spheres are located on a lattice
whose translation vector is given by R, then we can rewrite equation (3.34) in the
following explicit form:

X3
k0¼1

X
R 0

X
l0m0p0


RR 0
kk 0
ll 0
mm 0
pp 0 � 1

sk 0
ĜGklmp;k 0l 0m 0p 0 ðR� R 0Þ

� �
Ak 0l 0m 0p 0 ðR 0Þ ¼ zklmpðRÞ:

ð3:36Þ

Here k and k0 can take values 1, 2 and 3, denoting the inner core, first shell and
second shell, respectively; lm and l0m0 are indices of spherical harmonics, p and p0 can
be þ or � corresponding to the two branches of eigenvalues and eigenfunctions of
the sphericall shell.

By defining the lattice Fourier transform

AklmpðRÞ ¼
X
K

AklmpðKÞ expðiK � RÞ;

where K lies in the first Brillouin zone, equation (3.36) is transformed to

X3
k0¼1

X
l0m0p0


kk 0
ll 0
mm 0
pp 0 � 1

sk 0
ĜGklmp;k 0l 0m 0p 0 ðKÞ

� �
Ak 0l 0m 0p 0 ðKÞ ¼ zklmp
k;0: ð3:37Þ

When K 6¼ 0, the above equation has only the zero solution, because the eigenvalues
of the matrix ĜGklmp;k 0l 0m 0p 0 ðKÞ lie in the interval ½0; 1� [6], while sk 0 cannot be in the
same interval. Therefore the determinant of the coefficient matrix cannot be zero. A
nonzero solution of the above equation exists only when K ¼ 0. As a result, we only
need to solve the following equation:

X3
k0¼1

X
l0m0p0

ð
kk 0
ll 0
mm 0
pp 0 � 1

sk 0
ĜGklmp;k 0l 0m 0p 0 ÞAk 0l 0m 0p 0 ¼ zklmp; ð3:38Þ

where

ĜGklmp;k 0l 0m 0p 0 ¼
X
R

ĜGklmp;k 0l 0m 0p 0 ðRÞ: ð3:39Þ

When the coefficients Aklmp are solved, we immediately obtain

AklmpðRÞ ¼
X
K

AklmpðKÞ exp ðiK � RÞ ¼ Aklmp;

independent of R because only the K ¼ 0 term is nonzero. The effective dielectric
constant can thus be written

"zz ¼ "‘ 1� 1

v

X
klmp

1

sk
Aklmpzklmp

 !
; ð3:40Þ

where v is the volume of the unit cell.
If the spheres have no coatings, the above formulation can be further simplified.

In particular equation (3.38) may be expressed as
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X
l0m0

ð
ll 0
mm 0 � 1

s
ĜGlm;l 0m 0 ÞAl 0m 0 ¼ zlm: ð3:41Þ

We denote the eigenvalues of the matrix ĜGlm;l 0m 0 as su and the corresponding
eigenvectors as Uu, with components Uu;lm. Explicit expressions for the matrix
elements of ĜG are given in appendix B for the case of coated spheres.
Equation (3.41) can be represented in terms of su and Uu;lm as

Alm ¼
X

u

s

s � su
Uu;lm

X
l 0m 0

U�
u;l 0m 0zl 0m 0 : ð3:42Þ

The effective dielectric constant can then be written as

"zz ¼ "‘ 1�
X

u

fu

s � su

 !

� "‘ 1� FðsÞð Þ;

where

FðsÞ ¼
X

u

fu

s � su
¼
X

u

1
v

P
lm zlmUu;lm

�� ��2
s � su

¼
X

u

p Uu;10

�� ��2
s � su

: ð3:43Þ

Here p is the volume fraction of spheres. In the last equality we have used the fact
that zlm ¼ ð4pa3=3Þ1=2
l1
m0. Since su and fu depend only on the structure of the
system, for systems with different material parameters s and the same structure we
need only calculate the structure factors once. For other material systems with the
same microgeometry we can simply substitute the material parameters into
equation (3.43) to get the effective dielectric constants.

For more complicated systems consisting of several spherical grains in one unit
cell, the above formulae can be easily extended. If we denote the relative positions of
the grains within one unit cell as s, then equation (3.38) becomes

X3
k0¼1

X
l0m0p0s0

ð
ss 0
kk 0
ll 0
mm 0
pp 0 � 1

sk 0
ĜGsklmp;s 0k 0l 0m 0p 0 ÞAs0k 0l 0m 0p 0 ¼ zsklmp; ð3:44Þ

and equation (3.41) becomes

"zz ¼ "‘ 1� 1

v

X
sklmp

1

sk
Asklmpzsklmp

 !
: ð3:45Þ

For spheres with no coatings, we have

FðsÞ ¼
X

u

fu

s � su
¼ 1

v

X
u

P
slm zslmUu;slm

�� ��2
s � su

¼
X

u

p
P

s Uu;s10

�� ��2
s � su

: ð3:46Þ

For practical calculations the summation in (3.39) has to be evaluated numeri-
cally. The summations for l þ l0 > 2 are absolutely convergent while the summation
for l þ l0 ¼ 2 is only conditionally convergent. Direct evaluation of the summation in
the l þ l0 ¼ 2 case cannot get meaningful results. Summation for small value of l þ l0

also converges very slowly. For these cases we use the Ewald method for the
summations; accurate results can be obtained with only a small computational
effort. In our calculations, those with l þ l0 � 6 were done with the Ewald
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summation method, and the higher order cases by direct summation. Details of the

Ewald sums are described in appendix D, where formulae up to l þ l0 ¼ 3 are given.

4. Structure in the DER fluid

A fundamental question of the ER phenomenon is the mesoscopic state

(structure on a scale intermediate between the size of the individual spheres and

the bulk) of the spheres in the HF limit. Halsey and Toor [28] suggested that the

spheres should aggregate to form large columns under an electric field, and the

structure within the column is FCC in character; whereas Tao and Sun [5] argued

that the structure inside the columns is body-centred tetragonal (BCT). Tao and

Sun’s argument is based on the self-consistent dipole interaction between polarized

spheres; higher order multipoles were ignored. Even though the result of Tao and

Sun is physically plausible, the consideration of only the dipole interaction is a

serious approximation. Friedberg and Yu [30] have calculated the free energy

difference between the BCT and FCC structures by including the quadrupole,

octupole and even the 32nd pole. They found that the contributions to the difference

of each higher multipole can be either positive or negative. Subsequent studies were

carried out based on the exact evaluation of the electrostatic energy by numerical

methods such as the finite element method [31–33], the multipole expansion

method [34], and the Bergman method [35–37]. These calculations gave consistent

results and all concluded that the ground state of the DER fluid is a BCT structure.

Martin et al. [38] have further simulated the structure formation by thermal

coarsening under uniaxial and biaxial fields, and found the Brownian motion to

be essential for the formation of equilibrium structures.

In the BCT structure, the chain is the most dominant element. Due to the strong

dipolar interaction within a chain they are usually first formed under an applied field.

The weak interchain interaction means that the formation of columns from chain–

chain aggregation is generally slower and occurs only under a large applied field

(> 500Vmm�1). Experimental observation of the mesostructure is more difficult. In

an early work, Chen et al. [39] concluded from their experiment that the structure of

the DER fluid within the columns is BCT, as expected from the theoretical

prediction. Later studies by Elliot et al. [40], and Dassanayake et al. [41] confirmed

this conclusion and also gave some insight to the structure and dynamics of the DER

fluids. The evolution of chain to column was studied by Wen et al. along with the

rheological changes [42, 43]. Theoretical and experimental studies of the structure

formation have also been done by a number of groups [44–53].

Here, we obtain the ground state of the DER model with spheres (with no

coatings) by comparing the free energies of different structures. In the HF limit, "zz is

the volume average of the column dielectric constant, denoted "infzz , and the liquid

dielectric constant "‘. Volume averaging is accurate in the present case, due to the

anisotropic columnar geometry (the length of the column is much larger than its

diameter). Only the surface energy of the columns is neglected, which is shown below

to be orders of magnitude smaller. If we denote the solid volume fraction inside the

columns as pstr, which depends on the given periodic structure, then

"zz ¼
p

pstr
"infzz þ ð1� p

pstr
Þ"‘: ð4:1Þ
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The effective dielectric constants of six different structures were calculated, the

results are given in tables 1 and 2. The BCT structure has the largest effective

dielectric constant, and hence the lowest free energy density. FCC and HCP

structures are very close to the BCT structure. In fact, both FCC and HCP have a

larger "infzz than that of the BCT structure (table 2). However, "zz of BCT is larger

because it has a smaller pstr. So it is the subtle difference in the densities of the

different structures which gives BCT the edge as the ground state. This is different

from the dipolar case where the BCT structure can be superior even prior to volume

averaging.

To account for the surface energy associated with the finite width of columns as

observed in the experiments, we have also performed calculations for systems with

finite width columns, using the formalisms given by equation (3.41). The structure

inside the columns is assumed to be BCT while the columns are arranged in either the

hexagonal or the square lattice. In both cases the effective dielectric constants are

smaller than that when the column is infinite in size, i.e. less than "infzz . We note from

figure 1 that the calculated effective dielectric constant scales as 1=
ffiffiffiffiffiffi
Nc

p
, where Nc

denotes the number of chains inside a given column, and tends toward "infzz as Nc

increases. This scaling demonstrates the fact that the difference between the finite

columns and the infinite column arises from the surface energy. This contribution

can also be viewed as an attractive interaction between the columns. Since it is
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Table 1. The exact effective dielectric constants of several periodic structures, �""zz, compared
with that in the dipolar approximation. The separation between the spheres is

 ¼ 5� 10�3 in terms of the sphere radius, volume fraction of particles is 0.2. Here "1
is the dielectric constant of the solid spheres.

"1="‘

Structure

BCT FCC HCP BCC SC Diamond

10 Exact 2.167 2.156 2.156 2.043 1.911 1.627
Dipole 2.031 1.994 1.995 1.905 1.734 1.601

800 Exact 5.173 5.129 5.129 4.205 3.518 1.976
Dipole 3.376 3.188 3.194 2.798 2.230 1.897

Table 2. The exact effective dielectric constants of several periodic structures, �""infzz , compared
with that in the dipolar approximation. The separation between the spheres is

 ¼ 5� 10�3 in terms of the sphere radius. Here "1 is the dielectric constant of the
solid spheres.

"1="‘

Structure

BCT FCC HCP BCC SC Diamond

10 Exact 5.014 5.215 5.216 4.495 3.348 2.050
Dipole 4.544 4.624 4.629 4.031 2.893 2.006

800 Exact 15.35 16.06 16.06 11.74 7.493 2.634
Dipole 9.170 8.979 9.003 7.024 4.171 2.503



extremely small, the interaction between the columns is therefore very weak. From

figure 1 we estimate the surface energy contribution for a column size of 25 chains to
be 3% when "1="‘ ¼ 20. The small magnitude of the surface energy may account for
the finite columns seen in most of the ER fluids experiments, as kinetic processes
could be dominant.

In the case of coated spheres, the same conclusion can be drawn. That is, the
ground state structure of the DER fluid consisting of multiply coated microspheres is
still BCT. Figure 2 is a plot of the effective dielectric constant of coated spheres as a

function of the core sphere dielectric constant for different structures. Figure 3 is a
plot of effective dielectric constant of coated spheres as a function of the first coated
layer dielectric constant for different structures. We see that BCT has the largest
effective dielectric constant and FCC is always a close second.

We also performed �infzz calculations with different structures where the unit cell
size is larger than the sphere diameter, so that the spheres are separated. The results
are displayed in figures 4 and 5. It is seen that the touching sphere case has the largest

"infzz . Here the interesting observation is that the variation of "infzz is linear in the
vicinity of the close packing density. That implies an inward electrostatic pressure on
each sphere. Thus any separation between neighbouring spheres implies higher
energy.

We conclude from our first-principle calculations that the HF ground state of the
DER fluids is the BCT structure formed by microspheres. This result, while not a
mathematical proof, is supported by experimental evidence (see below). The finite

column size observed in DER fluids may be the result of hydrodynamic interaction
and kinetic processes. It is not determined by the minimum of the Gibbs free energy.
It is conjectured that the thermodynamic ground state cannot be realized in

experiments because the interaction between the columns is weak, so that the
columns are pinned at positions where they are formed.

It should be noted that the ground state structure of conducting spheres, or
particles with high surface conductivity, can be drastically different from the BCT

columns as described above. This is because the conducting particles would
effectively modify the electrodes, with significant electric field enhancement at the
tips of the resulting structures, thereby increasing the probability of sphere

attachment at these points. That is, the tips of the conducting structure define the
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dynamic growth points. Thus it is not surprising that the observed ground state has a
fractal structure resembling that of the diffusion-limited aggregates (DLA) [54, 55],
also shown below.

5. Static yield stress of the DER fluid

The yield stress can be calculated by delineating a shear distortion and then
calculating the free energy difference between the sheared system and the ground
state. By shearing the system perpendicular to the applied electric field, the columns
originally along the applied field will tilt away from the field direction, thus
lengthening the chains inside each column. This necessitates spacings between the
neighbouring spheres within a chain, as well as spacings between neighbouring
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Figure 2. The effective dielectric constant of doubly coated spheres as function of inner
sphere dielectric constant, where the radius of the inner sphere is 0.9 in units of the
sphere radius, and the thickness of the first coated layer is 0.09, with a dielectric
constant of �5þ 10i. The thickness of outer coated layer is 0.01 with a dielectric
constant 2, and the fluid dielectric constant is 1. Upper curves are real part and lower
curves are imaginary part of the effective dielectric constant. The volume fraction is 0.2.
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Figure 3. The effective dielectric constant of doubly coated spheres as a function of the
inner coating dielectric constant, where the radius of the inner sphere is 0.9 in units of
the sphere radius, with a dielectric constant 2, and the thickness of the inner coating
is 0.09. The thickness of the outer coating is 0.01 with a dielectric constant 2, and the
fluid dielectric constant is 1. The volume fraction is 0.2.



chains. While the intra-chain spacings are maintained by the shearing force, the
inter-chain spacings are unstable since decreasing such spacings would lower the
energy. Thus the lowest-energy shear distortion path is shown in figure 6: a
lengthening of the chains is accompanied by a shrinking of the chain–chain
separation, so as to maintain contact between neighbouring chains. Such a shear
distortion is characterized by an angle 
, and involves a change in unit cell volume
given by

v

v0
¼ 4 cos2 
� 1

3 cos3 

; ð5:1Þ

where v0 is the cell volume at 
 ¼ 0.
There are many literature references dealing with the calculation of yield stress by

different approaches; Wu and Conrad have developed several models based on
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Figure 5. "zz plotted as a function of packing fraction for the BCT and FCC arrangements
of spheres. Here the concentration of solid spheres is p ¼ 0:2. It should be noted that
the derivative of the curve at maximum BCT packing fraction is not zero. Therefore
there is an inward electrostatic pressure on each sphere, exerted by the neighbouring
spheres.



different approximations [56–58]. Theories based on the finite element method [32]

and multipole expansion method [59, 60] have also been developed. The starting

point of the work by Clercx and Bossis [59] is the same as ours [35], by expanding the

electrostatic field in vector spherical harmonic functions. They succeeded in

obtaining an exact representation of the electrostatic energy as a function of

structure and component dielectric constants. The yield stress and shear modulus

were evaluated by differentiation. This method gives the exact value of the static

yield stress, just as in our case. There are other approximate theories of yield

stress [61–64]. In a recent publication, Choi et al. [65] gave a scaling function for the

yield stress. Below we describe the yield stress and shear modulus calculation within

our approach.

When the system is sheared, the columns cannot remain aligned in the direction

of the applied field. Let z0 be the column direction in the sheared system, and x0 be
the direction perpendicular to z0 in the plane determined by the field direction and

the column direction. In the tilted coordinate frame, the structure is uniaxial with z0

as the axis of symmetry. In that frame, there can be a finite "z0x0 (or "x0z0 ) due to

surface fields. However, these are negligibly small as shown before. Thus only "z0z0

and "x0x0 matter. By using the structure particular to a sheared column at angle 
 as
described above and in figure 6, the z0z0 component of the effective dielectric constant
tensor can be evaluated by first calculating the infinite column effective dielectric

constant along the z0z0 direction, and then performing a volume average. The

component "x0x0 can be evaluated by first calculating the infinite column dielectric

constant in the x0x0 direction, "infx0x0 , and then obtaining "x0x0 by the Maxwell–Garnett

formula [66, 67]

"x0x0 � 1

"x0x0 þ 1
¼ p

pstr

"infx0x0 � 1

"infx0x0 þ 1
: ð5:2Þ

This approximation is justified by the following two facts. First, the contribution due

to "x0x0 is small when 
 is small. Second, the Maxwell–Garnett formula becomes

accurate when the separation between the columns tends to infinity, and here the
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Figure 6. Definition of the shear distortion used in the calculation of the shear modulus and
yield stress. Two layers of the sheared structure are shown. The dark solid circles
denote the top layer; the open circles denote the lower layer. Angle 
 is relative to the
c axis of the un-sheared state. Shearing distortion slightly elongates the c axis,
accompanied by an inward shrinkage of the a axis so as to maintain contact between
the neighbouring chains.



columns are well separated because p=pstr is less than 0:3 in most cases. "zz is simply
related to "z0z0 and "x0x0 by the formula

"zz ¼ "z0z0 cos
2 
þ "x0x0 sin2 
 ð5:3Þ

through the rotational transformation of a second rank tensor.
By varying 
, we have numerically calculated the free energy density as a function

of strain; the stress is obtained simply by differentiation. A typical stress–strain
relation, shown in figure 7, is noted to start at zero and is linear at small strain. It
reaches a maximum and decreases with strain when sheared further. The initial slope
gives the shear modulus, and the maximum of the stress–strain relation is defined as
the static yield stress. The part after the maximum is plotted as a dashed line, since
decreasing stress with increasing strain indicates instability.

6. Upper bounds of the yield stress and shear modulus

One important question concerning ER fluid application is the yield stress upper
bound. Both physically and mathematically, the yield stress is known to increase
with the ratio between the particle and the fluid dielectric constants. The upper
bound may be obtained by setting that ratio to infinity, i.e. s ! 0. However, as the
value of s ! 0, the question of whether the spheres are actually touching becomes
crucial. For the purpose of constructing a physical upper bound, we assume that (1)
j"1="‘j ! 1, (2) the surfaces of the spheres cannot approach each other closer than a
small distance 2
, e.g. the lower limit on atomic separation (so the lowest sn is slightly
greater than 0), and (3) p � pBCT ¼ 2p=9. Figure 8 is the calculated effective dielectric
constant under the above mentioned conditions as a function of 
=R. The solid line is
"zz="‘ ¼ �3:95 lnð
=RÞ � 5:35. We see that at small 
=R the extrapolation is very
good. The calculated upper bounds of static yield stress and shear modulus are
shown in figures 9 and 10, plotted as functions of 
=R. In units of j"‘jE2=8p, the
fitted solid line is 1:38

ffiffiffiffiffiffiffiffiffi
R=


p
for the static yield stress, and 1:9ðR=
Þ for the shear

modulus. Taking R ¼ 20 mm, 
 ¼ 1 Å, E ¼ 1 kVmm�1, and "‘ ¼ 2:5, we get 8 kPa
and 4MPa, respectively, for the two bounds. Since these upper bounds are obtained
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Figure 7. Stress calculated as a function of strain. Here the linear region (small 
) defines
the shear modulus. The maximum defines the (static) yield stress. The dashed line
indicates the unstable regime. The curve is calculated with "‘ ¼ 2:71, "1 ¼ 8:4þ 0:43i,
E ¼ 1:32 kVmm�1, and p ¼ 0:22.



by setting s ! 0, they are independent of whether we use complex or real "1 and "‘.
The square root dependence of the yield stress with the sphere separations can be
understood physically by the following argument. Consider two conducting spheres
of radius R in close proximity to each other, with a separation 
 between their
surfaces at the point of closest approach. Provided R � 
, the mutual capacitance
has the form

C / ln
R



:

Under an applied electric field E along the axis joining the centres of the two spheres,
the leading order term of the free energy density is proportional to C. If now we
apply a shear perpendicular to the electric field, the line segment joining the centres
of the two spheres will be both tilted with an angle 
 with respect to the electric field
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direction, as well as lengthened. If the new separation is denoted d, then
ð2R þ dÞ cos 
 ¼ 2R þ 
, so that d � 
 þ R
2 for small 
. Within the small angle
approximation, the shear stress is proportional to �ð@C=@
Þ / ðR=dÞ½ðd � 
Þ=R�1=2,
which is noted to have a peak value. The static yield stress is defined by the peak
value of the shear stress, given by the condition d ¼ 2
, so that the static yield stress
/ ðR=dÞ1=2ð"‘E2=8pÞ, where the quantity in the parentheses is the unit of energy
density in the present problem.

In arriving at the above bounds no consideration has been given to dielectric
breakdown, which would limit the actual systems from achieving the bounding
values. Surface roughness of the particles is also not considered, as it is not relevant
to the electrostatic part of the system energy.

The yield stress upper bound and the associated heuristic argument suggest the
following coated sphere structure for optimizing the yield stress and other applica-
tion characteristics of the DER fluid. The solid particle should have a low density
dielectric core so as best to match the density of the liquid and prevent sedimenta-
tion. A thin metallic coating can give the particle large polarizability and hence
dielectric constant. An additional insulating coating thickness should be optimized
so that it prevents electrical shorting between the conducting spheres and provides
wear resistance on the one hand, and gives a large yield stress on the other. In this
regard, a large dielectric constant for the coating material (or the liquid) is a plus, as
it increases the capacitance between the spheres. Since the yield stress depends on the
ratio between R and 
, a large R=
 is favoured.

7. Comparison with experiments

The ER fluids of our experiments consist of uniform sized 1:5 mm glass spheres
(Nippon Shokubai, product KE-P150) suspended in silicone oil. To prepare the
samples, both glass spheres and oil were heated at a temperature of 100–1208C for at
least 5 h to remove traces of water.

For measurement of the dielectric constant, an ER fluid cell was made with two
brass plates serving as the electrodes, separated by a plastic frame. The dimension of
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the cell was 30� 30� 2mm3, with a 2mm gap between the electrodes. The dielectric
measurement of ER fluids as a function of frequency was performed by using a
HP4284A LCR meter in the frequency range 20Hz to 100 kHz.

The static yield stress was measured by using a standard parallel plate torsional
device with a root-mean-square (rms) electric field applied across the ER fluids,
sandwiched between the parallel plates. The lower plate was rotated slowly, dragging
the top plate which was connected to a torque meter. The static yield stress was read
when relative slipping occurred between the two plates. The power supply used in
our experiments was specially designed with a sinusoidal voltage output and tunable
frequency ranging from 30 to 8 000Hz. Because of the effect of transformer
inductance, the output voltage was monitored in situ to keep it stable over the
whole measuring frequency range.

We give here the experimental measurements on the ground state mesostructure
of the HF DER fluid, the yield stress of the DER fluid, and the structure-induced
dielectric nonlinearity. Comparisons with our theoretical predictions are also
presented.

7.1. Mesostructure of the DER fluid
We have confirmed our theoretical prediction experimentally that BCT is the

favoured structure inside the ER fluid columns, in the HF regime. Figure 11 shows
the process of column formation as the field strength is increased. We observed that
the spheres were initially randomly dispersed in the absence of an applied field, figure
11(a). As the electric field was increased in strength, chains formed along the field
direction, then coalesced and coarsened to form columns, see figures 11 (b–d). In
order to observe the structure inside the column, epoxy was employed as the liquid
matrix instead of silicone oil. Cross-sectional SEM micrographs were obtained by
freezing (solidifying) the columns inside the epoxy and then cutting them layer by
layer. Figures 11 (e, f) are for configuration at fixed E ¼ 2 kVmm�1, cut along the
(0 0 1) and (1 1 0) planes. It is seen that the cut along the (0 0 1) plane displays a
central sphere surrounded by four spheres shifted out of the cutting plane. The (1 1 0)
plane displays a hexagonal lattice. Taken together, they give direct evidence for the
BCT structure.

In the right panels of figure 12 we present the observed mesostructure of the ER
fluid with conducting microspheres (50 mm diameter glass spheres coated with a 1 mm
thick layer of nickel), and contrast them with the mesostructures of the DER fluid
with insulating microspheres (left panels). Three different electrode configurations
were used. It is clear that the mesostructures of the conducting cases differ
significantly from that for the insulating cases, for the reason explained in section 4.

7.2. The yield stress of dry glass–oil DER fluids
In figure 13, we compare the measured frequency-dependent static yield stress

values of the dried ER sample (solid symbols) with those predicted theoretically
(solid lines). In curve A, the high frequency value of the yield stress was calculated
with no adjustable parameters. The parameters "1 ¼ "1 ¼ 7:8, "‘ ¼ 2:71 used in the
calculation were measured independently. The agreement with experiment is seen to
be excellent. To explain the slight frequency dependence, we have used the value of
� ¼ 4:8� 10�4 s and "� ¼ 2 in the Debye form of the glass dielectric constant

M. Hongru et al.364



DER fluids: theory and experiment 365

Figure 11. The process of column formation under an increasing electric field, (a) to (d).
The applied field is E ¼ 0 in (a), E ¼ 500Vmm�1 in (b), E ¼ 900Vmm�1 in (c), and
E ¼ 1200Vmm�1 in (d). (e) and (f) are scanning electron microscope pictures of the
particle mesostructure inside a column, obtained by freezing the structure in epoxy
and sectioning the resulting sample. (e) gives the (0 0 1) cross-section, (f) gives the
(0 1 1) cross-section. Together they uniquely determine the structure to be BCT. Other
than in those cases explicitly stated as having trace water, all silica spheres were dried
prior to the experiments.

Figure 12. Electric field-induced two-dimensional patterns formed by insulating (a–c) (left
panels) and conducting (d–f) (right panels) particles. Here (a) and (d) correspond to
needle-shaped electrodes pointing towards each other, (b) and (e) correspond to
parallel plate electrodes, and (c) and (f) correspond to the cylindrically symmetric
electrode configuration [78].



" ¼ "1 þ "�
1� i!�

: ð7:1Þ

Curve B gives the yield stress for the same ER system prior to water removal (i.e.
baking at elevated temperatures). It is seen that both the value of yield stress and its
frequency dependence are much larger. The theoretical curve is calculated by using

"glass ¼ 14:8þ 12

1� i!�
; ð7:2Þ

with � ¼ 6� 10�4 s and the measured "‘ ¼ 2:71. A plausible explanation for the
significant effect of trace water is that under a high electric field the water is attracted
to the interface between oil and glass, coating the glass particles and thus modifying
its effective dielectric constant. As silica surfaces are known to have a negative zeta
potential in the order of �90meV [68], a reasonable explanation of the relaxation
dynamics could be the dynamic re-adjustment of the Debye double layer (present
with trace water under the action of the zeta potential) that results under the high
interparticle electric field. By using the same parameters and the high field BCT
structure, the calculated conductivity of the system at 10 kHz is 2:5� 10�8 Sm�1.
This compares favourably with the measured value of 3� 10�8 Sm�1 at the same
frequency.

Our results thus demonstrate that the observed frequency dependence of the ER
fluids yield stress can be traced to the Debye relaxation processes common in poor
insulators, and may be explained quantitatively by the DER model.

The frequency dependence of the shear modulus for the same systems can also be
directly evaluated. Here, unfortunately, no experimental data are yet available. The
calculated results (solid lines), using the same parameters as those in figure 13, show
similarity to that of the yield stress. However, when "� is large, a novel phenomenon
is predicted. That is, over some finite frequency range it is found that the ground
state is unstable to a slight elongational distortion of the BCT lattice, and the new
ground state is one where the c axis is elongated and the a axis correspondingly
shortened. The dashed line in figure 14 is calculated by using "‘ ¼ 2:71,
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Figure 13. The calculated (solid line) and measured (symbols) static yield stress of two DER
fluids. A is for a dried sample where water has been removed. B is for an as-prepared
sample where there may be a trace amount of water.



"1 ¼ 14:8þ 85
1�i!�, with � ¼ 6� 10�4 s. It indicates two frequencies where there are

soft modes associated with the structural instability (shear modulus is zero). Between
these two frequencies the ground state is still a BCT structure, but with the c axis
elongated by up to 0.85%, and the a axis shortened. The shear modulus for those
frequencies intermediate between the two soft mode frequencies is calculated with
respect to the alternative ground state. It is interesting to note that in contrast to the
shear modulus, the yield stress calculated with the same parameters gives no hint of
any irregularities at finite frequencies. The reason may be gathered from figure 7,
which indicates that the yield stress is always defined at finite values of 
, and the
difference between the two ground states is negligible at those tilt angles.

We have also measured the dielectric constant and static yield stress on samples
with predetermined amounts of water, and fitted the data by assuming the dielectric
constants of both the watered oil and glass spheres to be of the Debye form with a
distribution of relaxation times. The experimental results can be well explained by
the theory [36]. In particular, once the effective dielectric constants (real and
imaginary parts) of the samples are fitted, the yield stress data can be reasonably
well explained with no adjustable parameters. These results rule out the ‘water
bridge’ mechanism [69] (where the water trapped in the contact areas between
particles is held responsible for holding the particles together) as a significant
contributor to the yield stress in our system. It should be noted that the Debye
model also includes, as a special case, the model developed by Anderson [70], based
on the limit of a large imaginary part of the dielectric constant, i.e. when the
conductivity of the solid spheres dominates.

7.3. Structure-induced dielectric nonlinearity
In this experiment, a unique material—denoted as electro-magneto (EM) micro-

spheres—was used to investigate the anisotropic dielectric properties of ER fluids.
The EM microsphere was made of a glassy core onto which a magnetic layer and a
dielectric layer were sequentially coated. Since the inner layer is ferromagnetic, the
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Figure 14. Calculated shear modulus of the DER fluids. Here A and B are for the two
samples shown in figure 13; C is for a case calculated with parameters given in the
text. Structural instability at two frequencies is indicated.



application of an external magnetic field led to the aggregation of spheres into
columns aligned in the field direction, with a BCT arrangement of spheres inside the
columns [71]. The structure-induced dielectric variation can thus be determined
electrically. The microspheres used here are uniform in size so that the results may be
compared directly with theoretical predictions.

The particles used in this experiment consist of 35� 3 mm diameter glass spheres
onto which an inner magnetic nickel layer and an outer dielectric layer, such as lead
zirconate titanate (PZT) or TiO2, were coated by using electroless plating and sol–gel
processes [72, 73]. The magnetization of each individual microsphere, �i, can be
controlled by adjusting the thickness of the nickel layer. In our experiment, the
average thickness of the nickel layer was 2:5� 0:3 mm; the magnetization of one such
sphere was estimated to be � 30 emu g�1. It should be emphasized here that the
thickness of the nickel layer should be at least 2 mm, otherwise the magnetization of
each spheres is too small for suspension in the fluid, even in a relatively strong field.
To obtain a strong insulating outer layer, at least five repeat dielectric coatings were
made. The prepared particles were annealed at 5008C for 2 h. The cross-sectional
SEM image of a well coated microsphere is shown in the upper inset of figure 15,
where the inner Ni magnetic layer and the outer PZT insulating layer are clearly
visible. The process for TiO2 coating is the same as for the PZT case.

Figure 15 gives a schematic picture of the experimental set-up for the dielectric
measurement. In essence, the sample was placed between the poles of an electro-
magnet so that the particles were aggregated to form chains and columns aligned
along the magnetic field. The dielectric constant parallel and perpendicular to the
anisotropy direction can be measured as a function of the applied magnetic field.
Here the magnetic field was used to simulate the effect of the electric field on the
microgeometry. The observed dielectric constant variation as a function of the
applied magnetic field may be interpreted as a nonlinear effect. Figure 16 (a) shows
the randomly dispersed particles in silicone oil at zero magnetic field. As the field
strength was increased the particles began to align to form chains in the field
direction. With further field increase the chains coarsened to form columns across
the two poles. The coarsening process is shown in figures 16 (b, c).

Figures 17 (a) and 17 (b) show, corresponding to the structure changes, the
measured variations of real (" 0) and imaginary (" 00) parts of the dielectric constant
as a function of applied magnetic field strength for two samples. In the figures, zz(xx)
indicates the test configuration where the two electrodes of the ER fluid cell were
placed parallel (perpendicular) to the magnetic field direction. For the zz case, it is
seen that both the real and imaginary parts of the dielectric constant increased
monotonically as the magnetic field strength was increased from 0 to 2 500G; beyond
that, there was only a slight increase. The increase in the real parts of the dielectric
constant for the PZT- and TiO2-coated ER fluids is 7% and 4%, respectively, and
the imaginary parts for both cases are increased by 7%. For the xx case, however,
both the real and imaginary parts decreased as the magnetic field strength was
increased. It should be remarked that from visual microscope observations, beyond
150G no visible change in the column structure can be identified. We believe that the
slight increase in the dielectric constant at high magnetic field is due to small
adjustments among the particles.

To explain the experimental results described above, we used the following
calculations to obtain the zz and xx components of the effect dielectric tensor. Since
the ER system before the formation of the columns is a random dispersion of
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particles, its effective complex dielectric constant can be calculated by the Maxwell–
Garnett formula,

"� "‘
"þ 2"‘

¼ p
"p � "‘
"p þ 2"‘

: ð7:3Þ

Here the subscripts p; ‘ stand for particle and liquid, respectively; " is the effective
dielectric constant, and p is the volume fraction of solid particles. From the
measured effective dielectric constant (with the frequency of the LCR meter fixed
at 1 kHz) of the mixture and the dielectric constant of the oil (2:71), one can deduce
from the above formula the dielectric constant of the solid particle, "1. This
information, together with the known "‘, enables us to calculate s, which constitutes
the input to the high field dielectric constant calculations. Under a high field, since
the particles form columns along the z direction, the zz component of the effective
dielectric constant is given by equation (4.1). Considering the slight dispersion in the
sphere size in this experiment, we made a calculation with uniform sized spheres but
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Figure 15. Schematic diagram of the measurement set-up. The upper inset shows the cross-
sectional SEM imaging of a doubly coated microsphere.

Figure 16. Structure evolution as the magnetic field strength is increased. Here the field
strengths for (a), (b) and (c) are 0, 30 and 200G, respectively.



kept them slightly separated, the separation between spheres being 0.15 (here 0.15 is

chosen to fit our experimental results in the whole fitting process) times the sphere

diameter. The calculated results can be represented accurately by the formula

"infzz ¼ "‘ 1� 0:4509

s � 0:1613
� 0:0058

s � 0:4187
� 0:0006

s � 0:4481
� 0:0018

s � 0:4959

� �
; ð7:4Þ

which is a truncated form of the Bergman–Milton representation. The xx component

of the effective dielectric constant can be calculated by the two-dimensional

Maxwell–Garnett formula
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Figure 17. Dependences of real (a) and imaginary (b) parts of the dielectric constant on
applied magnetic field strength. Here the volume fraction is 0.27, and the frequency
of the LCR meter is fixed at 1kHz.



"xx � "‘
"xx þ "‘

¼ p

pstr

"infxx � "‘

"infxx þ "‘
; ð7:5Þ

where "infxx is approximated by

"infxx ¼ "‘ 1� 0:4351

s � 0:1741
� 0:0157

s � 0:3944
� 0:0019

s � 0:4451
� 0:0050

s � 0:4972
� 0:0013

s � 0:5456

� �
:

ð7:6Þ

In table 3 we give a comparison of measured and calculated results. The agreement is
satisfactory considering the idealized model used in our calculations. However, the
observed increase in "zz is invariably smaller than the theoretical prediction; this
could be due to imperfections in the crystalline BCT structure.

8. Summary and discussion

In this article we have given a detailed presentation of a first principles theory of
DER fluids based on the Bergman–Milton representation of the effective dielectric
constant. The theory treats the dielectric and conductivity effects within a consistent
and unified framework, where effects such as the local fields and multiple interactions
are treated exactly. With only the dielectric constants of fluid and solid constituents
as inputs, predictions of the structure of the high field crystal, with its associated
static yield stress and shear modulus, can be calculated with no adjustable
parameters. We present extensive experimental results on the structure, yield stress,
and dielectric nonlinearity of the DER fluids, and comparison with the relevant
theoretical predictions. The excellent agreement obtained shows the static properties
of the DER fluids to be accountable by electrostatics.

There are, however, aspects of the DER fluids that still remain to be understood
more fully. The size of the columns in the high field state is one such problem. The
dynamics of the DER fluids, incorporating both hydrodynamic and electrostatic
interactions, is another. While attempts at such dynamic theories have been made in
past decades, complete success still seems lacking at present.
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dielectric constants measured along the z and x directions for the random and structured cases.

Structure

Theory Experiment

" 0 " 00 " 0 " 00

Random Fitted Fitted 4.95 0.13
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PZT-column zz 4.56 0.37 4.44 0.28

xx 4.15 0.23 4.25 0.25
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Appendix A. Basis functions

In this appendix we calculate the eigenvalues and eigenfunctions of sphere and
spherical shell. From the definition, equation (3.24)

ĜGi�ðrÞ �
ð
dV 0�iðr 0Þr 0Gðr; r 0Þ � r 0�ðr 0Þ: ðA1Þ

Integration by parts of the right hand side givesð
dV 0�iðr 0Þr 0Gðr; r 0Þ � r�ðr 0Þ ¼

ð
dS0 � r 0Gðr; r 0Þ�ðr 0Þ þ �ðrÞ�iðrÞ: ðA2Þ

The integration on the right hand side of (A 2) is on the outer surface of the grain.
The eigenvalue equation can therefore be written alternatively asð

dS0 � r 0Gðr; r 0Þ�uðr 0Þ þ �uðrÞ�iðrÞ ¼ su�uðrÞ: ðA3Þ

A.1. Spherical particles
For spherical particles of radius a, by taking the origin to be the centre of the

sphere, the expression (A 3) simplifies to

a2
ð
dO 0 @

@r 0
Gðr; r 0Þjr 0¼a þ �uðrÞ�iðrÞ ¼ su�uðrÞ: ðA4Þ

The Green’s function in the infinite volume limit can be written as

Gðr; r 0Þ ¼ 1

4pjr� r 0j ¼
X
lm

1

2l þ 1

rl
<

r lþ1
>

Ylmð
; �ÞY�
lmð
 0; � 0Þ; ðA5Þ

where r< ¼ min ðr; r 0Þ and r> ¼ max ðr; r 0Þ. To solve equation (A 3), we first expand
�ðr; 
; �Þ in terms of the spherical harmonics as

�ðr; 
; �Þ ¼
X
lm

flðrÞYlmð
; �Þ; ðA6Þ

and then substitute it into (A 3). From equation (A 4) we get

a2
X
lm

l

2l þ 1

al�1

rlþ1

� l þ 1

2l þ 1

rl

alþ2

2
664

3
775flðaÞYlmð
; �Þ þ

X
lm

0

flðrÞYlmð
; �Þ

� �
¼ s

X
lm

flðrÞYlmð
; �Þ:

ðA7Þ
The first and second lines of equation (A 7) correspond to r > a and r < a,
respectively. From this equation we obtain the eigenvalue and the corresponding
normalized eigenfunction as

sl ¼
l

2l þ 1
; ðA8Þ

�lmðrÞ ¼ flðrÞYlmð
; �Þ; ðA9Þ
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where

flðrÞ ¼
Alr

l for r < a

Bl
1

rlþ1 for r > a;

8<
: ðA10Þ

Al ¼
1ffiffi

l
p

alþ1=2
;

Bl ¼
alþ1=2ffiffi

l
p :

Here l ¼ 1; 2; � � � ; �l 4m4 l.

A.2. Spherical shell inclusion
For a spherical shell with inner radius a and outer radius b, the eigenfunction can

be written as

�lmðrÞ ¼ flðrÞYlmð
; �Þ; ðA11Þ

where

flðrÞ ¼

Clr
l r < a

�lr
l þ �l

rlþ1 a < r < b

Dl

rlþ1 r > b:

8>>>><
>>>>:

ðA12Þ

From the continuity of flðrÞ on the boundaries of the shell, we have

Cla
l ¼ �la

l þ �l

alþ1 at r ¼ a;

Dl

blþ1 ¼ �lb
l þ �l

blþ1 at r ¼ b:

ðA13Þ

The substitution of equation (A 11) into equation (A 3) yields

l þ 1

2l þ 1
�l

1

a2lþ1
� 1

b2lþ1

� �
¼ sCl when r < a; ðA14Þ

l

2l þ 1
�l �

l þ 1

2l þ 1

�l

b2lþ1
¼ s�l

� l

2l þ 1
a2lþ1�l þ

l þ 1

2l þ 1
�l ¼ s�l when a < r < b; ðA15Þ

l

2l þ 1
�l b2lþ1 � a2lþ1
� �

¼ sDl when r > b: ðA16Þ

It should be noted that (A 13) is not independent from equations (A 14–16). In fact, it
can be derived from (A14–16). This is the case because the boundary conditions are
automatically satisfied by the eigenequation (A 3), since the eigenequation comes
from the integral representation of Poisson’s equation, which already takes into
account the boundary conditions. By solving equation (A 15) we get the following
eigenvalues:
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slþ ¼ 1

2
þ

1þ 4lðl þ 1Þ a

b

 !2lþ1� �1=2
2ð2l þ 1Þ

sl� ¼ 1

2
�

1þ 4lðl þ 1Þ a

b

 !2lþ1� �1=2
2ð2l þ 1Þ

9>>>>>>>>>=
>>>>>>>>>;
: ðA17Þ

By back substituting these eigenvalues we solve for the coefficients and represent

them as functions of �l� and sl�:

Cl� ¼ �l�
1

a2lþ1
þ l þ 1

l � ð2l þ 1Þsl�

1

b2lþ1

� �

Dl� ¼ �l� 1þ l þ 1

l � ð2l þ 1Þsl�

� �

�l� ¼ �l�
b2lþ1

l þ 1

l � ð2l þ 1Þsl�

� �

9>>>>>>>>>>=
>>>>>>>>>>;
: ðA18Þ

Here �l� are determined by normalization of the eigenfunctions:

1

�2l�
¼ ð2l þ 1Þsl�

a2lþ1
þ ðl þ 1Þð2l þ 1Þsl�fl þ 1þ 2½l � ð2l þ 1Þsl��g

ðl � ð2l þ 1Þsl�Þ2b2lþ1
: ðA19Þ

The eigenvalues of sphere and spherical shell presented above remain unchanged

if we place the sphere at R and simultaneously changing the spatial variable from r to

r� R.

Appendix B. Matrix elements of the ĈC operator

From equations (3.34) and (3.35) it is seen that in order to calculate the effective

dielectric constant we need to solve a set of linear equations (3.34) to get coefficient

Aiu. Matrix elements Giu;jv are needed. These matrix elements are evaluated

here along with the matrix elements of z. Appendices C, D are also related to this

task. Together they give a self-contained prescription to carry out numerical

calculations on DER fluids. While some of the materials might seem detailed and

voluminous, they should be helpful to those who want to carry out actual computa-

tion. We will consider three different cases: the sphere, the coated sphere and the

doubly-coated sphere.

We consider the doubly coated sphere case first. To be specific, we first consider

two doubly coated spheres, one located at the origin and the other at R. The inner

sphere is denoted by 1, with radius a. The inner shell is denoted by 2, with the inner

and outer radii a and b, respectively. The outer shell is denoted by 3, with inner and

outer radii b and c, respectiviely. The matrix element is indexed as Gklm;k 0l 0m 0 ð�RÞ,
with k; k 0 taking the values 1, 2, and 3. The eigenvalue and eigenfunctions required to
evaluate the matrix elements are as follows. For the inner sphere, we have
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s1; l ¼
l

2l þ 1
; ðA20Þ

�1;lmðrÞ ¼ flðrÞYlmðXÞ; ðA21Þ

flðrÞ ¼
Alr

l when r<a ;

Bl

rlþ1 when r>a:

8<
: ðA22Þ

For the first shell,

s2;lþ ¼ 1

2
þ

1þ 4lðl þ 1Þ a

b

 !2lþ1� �1=2
2ð2l þ 1Þ ; ðA23Þ

s2;l� ¼ 1

2
�

1þ 4lðl þ 1Þ a

b

 !2lþ1� �1=2
2ð2l þ 1Þ ; ðA24Þ

�2;lm�ðrÞ ¼ f2;l�ðrÞYlmðOÞ; ðA25Þ

where

f2;l�ðrÞ ¼

Cl�rl if r < a

�l�rl þ �l�
rlþ1 if a < r < b

Dl�
rlþ1 if r > b:

8>>>>><
>>>>>:

ðA26Þ

For the outer shell

s3;lþ ¼ 1

2
þ

1þ 4lðl þ 1Þ b

c

� �2lþ1
" #1=2

2ð2l þ 1Þ ; ðA27Þ

s3;l� ¼ 1

2
�

1þ 4lðl þ 1Þ b

c

� �2lþ1
" #1=2

2ð2l þ 1Þ ; ðA28Þ

�3;lm�ðrÞ ¼ f3;l�ðrÞYlmðOÞ; ðA29Þ

where

f3;l�ðrÞ ¼

El�rl if r < b

�l�rl þ 
lþ
rlþ1 if b < r < c

Fl�
rlþ1 if r > c:

8>>>>><
>>>>>:

ðA30Þ
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Here El�, �l�, 
l�, Fl� are obtained from Cl�, �l�, �l�, Dl� by substituting b as c
and a as b in the corresponding expressions. The matrix elements of ĜG can be
evaluated from the definition

Gklm;k 0l 0m 0 ð�RÞ ¼ sk 0l 0

ð
dV�kðrÞr��klmðrÞ � r�k 0l 0m 0 ðr� RÞ

¼ sk 0l 0

ð
dS � r��klmðrÞ�k 0l 0m 0 ðr� RÞ;

9>>>=
>>>;

ðA31Þ

where we have used the fact that r2�klmðrÞ ¼ 0, which can easily be verified by direct
calculation. The integration is over the outwards normal to the surface of the kth
grain. When R ¼ 0, the evaluation of these matrix elements is straightforward. When
R 6¼ 0, the expression of the eigenfunctions is substituted into equation (A 31), and
then use is made of the following formula, proved in the appendix C:

1

jr� Rjl 0þ1
ð

Y�
lmðOrÞYl 0m 0 ðOr�RÞdOr

¼ ð�1Þl
0þm 0 ð2l þ 1Þð2l 0 þ 1Þ

ðl þ mÞ!ðl � mÞ!ðl 0 þ m 0Þ!ðl 0 � m 0Þ!

� �1=2
rl

Rlþl 0þ1

ðl þ l 0 þ m � m 0Þ!
2l þ 1

Pm 0�m
lþl 0 ð
RÞ exp ½iðm 0 � mÞ�R�: ðA32Þ

After some straightforward though tedious algebraic manipulations, we obtain

G1lm;1l 0m 0 ð0Þ ¼ s21;lð2l þ 1ÞBlAl
ll 0
mm 0

G1lm;2l 0m 0�ð0Þ ¼ s1;ls2;l�ð2l þ 1ÞBlCl�
ll 0
mm 0

G1lm;3l 0m 0�ð0Þ ¼ s1;ls3;l�ð2l þ 1ÞBlCl�
ll 0
mm 0

G2lm�;1l 0m 0 ð0Þ ¼ s2;l�s1;lð2l þ 1ÞCl�Bl
ll 0
mm 0

G2lm�;2l 0m 0�ð0Þ ¼ s2;l�s2;l�ð2l þ 1Þð�1�Dl� þ �l�Cl�Þ
ll 0
mm 0

G2lm�;2l 0m 0�ð0Þ ¼ s2;l�s2;l�ð2l þ 1Þð�l�Dl� þ �l�Cl�Þ
ll 0
mm 0

G2lm�;3l 0m 0�ð0Þ ¼ s2;l�s3;l�ð2l þ 1ÞDl�El�
ll 0
mm 0

G2lm�;3l 0m 0�ð0Þ ¼ s2;l�s2;l�ð2l þ 1ÞEl�Dl�
ll 0
mm 0

G3lm�;1l 0m 0 ð0Þ ¼ s3;l�s1;lð2l þ 1ÞEl�Bl
ll 0
mm 0

G3lm�;2l 0m 0�ð0Þ ¼ s3;l�s2;l�ð2l þ 1ÞEl�Dl�
ll 0
mm 0

G3lm�;2l 0m 0�ð0Þ ¼ s3;l�s2;l�ð2l þ 1ÞEl�Dl�
ll 0
mm 0

G3lm�;3l 0m 0�ð0Þ ¼ s3;l�s3;l�ð2l þ 1Þð�l�Fl� þ 
l�El�Þ
ll 0
mm 0

G3lm�;3l 0m 0�ð0Þ ¼ s3;l�s3;l�ð2l þ 1Þð�1�Fl� þ 
l�El�Þ
ll 0
mm 0

and
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G1lm;1l 0m 0 ð�RÞ ¼ s1;lBl; s1;l 0Bl 0Sðlm; l 0m 0;RÞ

G1lm;2l 0m 0�ð�RÞ ¼ s1;lBls2;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G1lm;3l 0m 0�ð�RÞ ¼ s1;lBls3;l 0�Fl 0�Sðlm; l 0m 0;RÞ

G2lm�;1l 0m 0 ð�RÞ ¼ s2;l�Cl�s1;l 0Bl 0Sðlm; l 0m 0;RÞ

G2lm�;2l 0m 0�ð�RÞ ¼ s2;l�Dl�s2;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G2lm�;2l 0m 0�ð�RÞ ¼ s2;l�Dl�s2;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G2lm�;3l 0m 0�ð�RÞ ¼ s2;l�Dl�s3;l 0�Fl 0�Sðlm; l 0m 0;RÞ

G2lm�;3l 0m 0�ð�RÞ ¼ s2;l�Dl�s3;l 0�Fl 0�Sðlm; l 0m 0;RÞ

G3lm�;1l 0m 0 ð�RÞ ¼ s3;l�El�s1;l 0Bl 0Sðlm; l 0m 0;RÞ

G3lm�;2l 0m 0�ð�RÞ ¼ s3;l�El�s2;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G3lm�;2l 0m 0�ð�RÞ ¼ s3;l�El�s2;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G3lm�;3l 0m 0�ð�RÞ ¼ s3;l�El�s3;l 0�Dl 0�Sðlm; l 0m 0;RÞ

G3lm�;3l 0m 0�ð�RÞ ¼ s3;l�El�s3;l 0�Dl 0�Sðlm; l 0m 0;RÞ;

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ðA33Þ

where

Sðlm; l 0m 0;RÞ ¼ ð�1Þl
0þm 0 ð2l þ 1Þð2l 0 þ 1Þ

ðl þ mÞ!ðl � mÞ!ðl 0 þ m 0Þ!ðl 0 � m 0Þ!

� �1=2

ðl þ l 0 þ m � m 0Þ!Pm 0�m
lþl 0 ð
RÞ exp ½iðm 0 � mÞ�R� ðA34Þ

zilm can be calculated from the definition

zilm� ¼
ð
�i
@�ilm�
@z

dV ðA35Þ

¼ ez �
ð
�ir�ilm�dV ðA36Þ

¼ �ez �
ð
r�i�ilm�dV : ðA37Þ

Here the integration is over the full space so that the surface contribution is zero in
the integration by parts. When i ¼ 1, the inner sphere, r�i ¼ �
ðr � aÞ̂rr so that

z1lm ¼ ez �
ð

ðr � aÞ̂rr�1lmdV ðA38Þ

¼
ð

Ala
lþ2 cos 
YlmðOÞdO ðA39Þ

¼ A1a
3 4�

3

� �1=2


l1
m0: ðA40Þ

For the inner shell, we have
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z2lm� ¼ ez �
ð
½
ðr � bÞ � 
ðr � aÞ�̂rr�2lm�dV

¼ ðD1� � C1�a3Þ 4�

3

� �1=2


l1
m0:

ðA41Þ

For the outer shell we get

z3lm� ¼ ðF1� � E1�b3Þ 4�

3

� �1=2


l1
m0: ðA42Þ

By limiting k and k 0 to take values of 1 and 2, we get results for coated spheres.
When k; k 0 are limited only to the value 1, we get results for spheres, and in this case
the suffix 1 can be omitted.

Appendix C. Proof of an expansion formula

In this appendix we give the proof of formula (A 32), used in the calculation of
the matrix elements of ĜG.

The following identity was derived by Danos and Maximon [74]. [See formula
(34) in the reference and note that nlðxÞ ¼ 1

2i
ðhð1Þl ðxÞ � h

ð2Þ
l ðxÞÞ]. In the following we

assume jrj < jRj.

nl0 ðkjr� RjÞYl0m0 ðOr�RÞ ¼
X

LM��

i�þL�l0 ð�1ÞLþm0
½4pð2L þ 1Þð2l0 þ 1Þð2�þ 1Þ�1=2

L l0 �

0 0 0

 !
L l0 �

M �m0 �

 !
nLðkRÞYLMðORÞ j�ðkrÞY��ðOrÞ: ðA43Þ

Here nlðxÞ, h
ð1Þ
l ðxÞ and h

ð2Þ
l ðxÞ are respectively the spherical Bessel functions of the

second kind (Neumann function) and spherical Hankel functions of the first and
second kind. When kr � 1, we expand both sides of (A 43) and keep the leading
terms to obtain

� ð2l0 � 1Þ!!
kl0þ1jr� Rjl0þ1

Yl0m0 ðOr�RÞ ¼
X

LM��

i�þL�l0 ð�1ÞLþm0
½4pð2L þ 1Þð2l0 þ 1Þð2�þ 1Þ�1=2

L l0 �

0 0 0

 !
L l0 �

M �m0 �

 !

�ð2L � 1Þ!!
kLþ1RLþ1

� �
YLMðORÞ

1

ð2�þ 1Þ!! k
�r�

� �
Y��ðOrÞ: ðA44Þ

By putting all the k-dependent terms together, we have

1

jr� Rjl0þ1
Yl0m0 ðOr�RÞ ¼

X
LM��

i�þL�l0 ð�1ÞLþm0
½4pð2L þ 1Þð2l0 þ 1Þð2�þ 1Þ�1=2

L l0 �

0 0 0

 !
L l0 �

M �m0 �

 !
k��Lþl0r�

RLþ1
ð2L � 1Þ!!

ð2�þ 1Þ!!ð2l0 � 1Þ!!YLMðORÞY��ðOrÞ: ðA45Þ
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The left hand side of equation (A 45) is independent of k. In order to have the right
hand side also to be k-independent, we must have �� L þ l0 ¼ 0, or L ¼ �þ l0.
Inserting this condition into the formula and knowing the 3j symbols to be non-zero
only when the sum of the second row is zero, we get

1

jr� Rjl0þ1
Yl0m0 ðOr�RÞ ¼

X
��

ð�1Þl
0þm0

½4pð2�þ 2l0 þ 1Þð2l0 þ 1Þð2�þ 1Þ�1=2

�þ l0 l0 �

0 0 0

 !
�þ l0 l0 �

m0 � � �m0 �

 !

r�

R�þl0þ1
ð2�þ 2l0 � 1Þ!!

ð2�þ 1Þ!!ð2l0 � 1Þ!!Y�þl0 m0��ðORÞY��ðOrÞ: ðA46Þ

The explicit expression for the 3j symbols in the above special case is given by [75]

�þ l0 l0 �

0 0 0

 !
¼ ð�1Þl

0þ� ð2l0Þ!ð2�Þ!
ð2�þ 2l0 þ 1Þ!

� �1=2ð�þ l0Þ!
l0!�!

; ðA47Þ

�þ l0 l0 �

m0 � � �m0 �

 !

¼ ð�1Þðl
0�m0��þ�Þ ð2l0Þ!ð2�Þ!ð�þ l0 þ �� m0Þ!ð�þ l0 � �þ m0Þ!

ð2�þ 2l0 þ 1Þ!ðl0 þ m0Þ!ðl0 � m0Þ!ð�þ �Þ!ð�� �Þ!

� �1=2
: ðA48Þ

Multiplying Y�
lmðOrÞ on both side of equation (A 46), integrating with respect to Or,

and using the orthogonality relation of spherical harmonicsð
dOY�

lmðOÞY��ðOÞ ¼ 
l�
m�;

we obtain formula (A 32) by substituting equations (A 47) and (A 48) into (A 46).

Appendix D. Ewald sums

In the calculation of the G matrix elements, we need to evaluate summations of
the form

�ðL;MÞ ¼
X
R

1

jRþ rjLþ1
YLMð
; �Þ: ðA49Þ

This summation is related to summations over the tensors defined in the following
iterative manner. Define the zeroth order tensor

T0 ¼ 1

jRþ rj : ðA50Þ

By successive differentiations with respect to r, we obtain the higher order tensors,
the first few being
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T1
i ¼ �ðRþ rÞi

jRþ rj3
;

T2
ij ¼

3ðRþ rÞiðRþ rÞj
ðRþ rÞ5

� 
ij

jRþ rj3
;

T3
ijk ¼ � 15

jRþ rj7
ðRþ rÞiðRþ rÞjðRþ rÞk

þ 3

jRþ rj5

ij ðRþ rÞk þ 
ik ðRþ rÞj þ 
jk ðRþ rÞi
h i

:

The relations to the expressions that appeared on the right hand side of equation
(A 49) are as follows:

1

jRþ rj2
Y11ðOðRþrÞÞ ¼ �T1

x � iT1
y ;

1

jRþ rj2
Y10ðOðRþrÞÞ ¼ T1

z ;

1

jRþ rj3
Y22ðOðRþrÞÞ ¼ T2

xx � T2
yy þ i2T2

xy;

1

jRþ rj3
Y21ðOðRþrÞÞ ¼ T2

xz þ iT2
yz;

1

jRþ rj3
Y20ðOðRþrÞÞ ¼

1

2
T2

zz;

1

jRþ rj4
Y33ðOðRþrÞÞ ¼ �½T3

xxx � 3T3
xyy þ ið3T3

xxy � T3
yyyÞ�;

1

jRþ rj4
Y32ðOðRþrÞÞ ¼ T3

yyz � T3
xxz � iT3

xyz;

1

jRþ rj4
Y31ðOðRþrÞÞ ¼ �ð1

2
T3

zzx þ i1
2
T3

zzyÞ;

1

jRþ rj4
Y30ðOðRþrÞÞ ¼ �1

6
T3

zzz:

In the following we denote the summation of tensor T as ~TT , i.e. ~TT ¼
P

R T . The
evaluation of the zeroth order tensor ~TT0 has been discussed in many standard solid
state text books [76, 77], with the result

~TT0 ¼
X
R

T0 ¼
X
R

1

jRþ rj erfc ð�jRþ rjÞ þ
X
G

4p
vG2

exp ðG2=4�2Þ exp ð�iG � rÞ; ðA51Þ

where G is the reciprocal lattice vectors of lattice R, � denotes the unit cell volume,
and � is a parameter chosen to optimize the convergence. The above summation is
intrinsically divergent, so we should try to separate from it the divergent part. If
r 6¼ 0, then the sum over real space lattice points are convergent and the only
divergent term comes from G ¼ 0 of the reciprocal sum. So the above equation
should be written as
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~TT0 ¼
X
R

1

jRþ rj erfc ð�jRþ rjÞ þ
X
G 6¼0

4p
vG2

exp ð�G2=4�2Þ exp ð�iG � rÞ þ lim
g!0

4p
vg2

� p
v�2

:

ðA52Þ
When r ¼ 0, the proper quantity to be calculated should beX

R6¼0

1

jRþ rj ¼
~TT0 � 1

r
¼
X
R6¼0

1

jRþ rj erfc ð�jRþ rjÞ

þ
X
G 6¼0

4p
vG2

exp ð�G2=4�2Þ exp ð�iG � rÞ

þ lim
g!0

4p
vg2

� p
v�2

� �
exp ð�iG � rÞ þ 1

r
ðerfc ðr�Þ � 1Þ:

ðA53Þ

By using the expansion

erfcðxÞ � 1� 2ffiffiffi
p

p x þ 2ffiffiffi
p

p x3

3
þ � � � ;

we haveX
R 6¼0

1

R
¼
X
R6¼0

1

R
erfc ð�RÞ þ

X
G 6¼0

4�

�G2
exp ð�G2=4�2Þ exp ð�iG � rÞ

þ lim
g!0

4p
vg2

� p
v�2

� 2ffiffiffi
p

p �:

ðA54Þ

By taking derivatives of equation (A 52) with respect to ri and using the relation

@ erfcð�jRþ rjÞ
@ri

¼ � 2ffiffiffi
p

p �ðRþ rÞi
jRþ rj exp ð��2jRþ rj2Þ ðA55Þ

we get

~TT1
i ¼ �i

X
G 6¼0

4p
vG2

Gi exp ð�G2=4�2Þ exp ð�iG � rÞ �
X
R

erfc ð�jRþ rjÞ ðRþ rÞi
jRþ rj3

�
X
R

2�ffiffiffi
p

p ðRþ rÞi
jRþ rj2

exp ð��2jRþ rj2Þ;

~TT2
ij ¼ �

X
G 6¼0

4p
vG2

GiGj exp ð�G2=4�2Þ exp ð�iG � rÞ

�
X
R

erfc ð�jRþ rjÞ þ 4ð�jRþ rjÞ3

3
ffiffiffi
p

p þ 2�jRþ rjffiffiffi
p

p
 !

exp ð��2jRþ rj2Þ
 !

T2
ij

þ
X
R

4�2

3
ffiffiffi
p

p 
ij exp ð��2jRþ rj2Þ

~TT3
ijk ¼ i

X
G 6¼0

4p
vG2

GiGjGk exp ð�G2=4�2Þ exp ð�iG � rÞ
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�
X
R

erfc ð�jRþ rjÞ þ 4ð�jRþ rjÞ3

3
ffiffiffi
p

p þ 2�jRþ rjffiffiffi
p

p
 !

exp ð��2jRþ rj3Þ
 !

T3
ijk

�
X
R

8�5ffiffiffi
p

p
jRþ rjijRþ rjjjRþ rjk

jRþ rj2
exp ð��2jRþ rj2Þ:

Higher order terms can easily be obtained through differentiations.
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