Surface Wave on Water

Lau Wai In (S.K.H. Tsang Shiu Tim Secondary School) 

Law Yi Lun (Baptist Lui Ming Choi Secondary School) 

Liu Man Kin (Choi Hung Estate Catholic Secondary School) 

Ho-Fai Cheung (City University of Hong Kong) 

Abstract 

Surface wave is an everyday phenomenon that is not discussed in secondary school textbooks.  It is very different from most other waves in that its velocity is strongly dependent on water depth and wavelength.  In order to observe this interesting phenomenon, we have built a large water tank (6ft x 4ft x 2ft) to investigate the relation between wavelength and wave velocity under different water depths.  Our measured wave velocity deviates significantly from the theory when the wavelength is small (< 2 cm).  By adding an agent to reduce the surface tension, we noticed that the wave velocity increases with surface tension.  The effect is noticeable only for small wavelengths. 

The wake generated by boats of different sizes travelling at different velocities was observed in a field trip. The wavelength, direction of the wave crests and direction of the wave group were reported. 

I. Introduction

A wave is a disturbance that transfers energy progressively from point to point in a medium.  The disturbance may take the form of elastic deformation or variation of physical quantities such as pressure, electric or magnetic intensity, or temperature. 

Waves are usually analyzed in terms of sinusoidal waves.  There are several physical quantities used to describe sinusoidal waves. The amplitude (A) is the maximum displacement of the wave’s disturbance.  The wavelength (() is the distance between peaks or troughs.  The period (T) is the time elapsed for two consecutive crests to pass over a given point.  Frequency (f) is the number of complete wave cycles produced or travelling through in one second.  The velocity (v) is the distance travelled by the wave crest in a given unit of time.  This velocity is also called the phase velocity (vph). 

We now describe two interesting phenomena related to surface waves. 

1. Why waves break? 
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Have you ever seen waves break?  If you have, do you know why?  Indeed, it is related to the depth of water on which the waves are travelling [1].  If the water depth is less than one-twentieth of the wavelength, all waves travel at nearly the same speed.  The shallower the water, the slower they go. 

As a series of wave crests approaches the shore, the leading one reaches shallow water earlier and its speed decreases.  Since the rear wave crests are still in deep water, they travel faster and so they move closer to the crests in the front.  Thus the wave and its energy are squeezed in one narrow zone.  With more energy, water at the crest travels ahead faster.  Yet, the wave as a whole continues to slow down due to the shallower water.  Eventually, the velocity of water at the crest is faster than the wave.  The crest gets ahead of the wave, and the wave breaks. Figure 1 illustrates the phenomenon. 

The theory on surface wave velocity has been known for over 100 years [2].  For example, the author of the book "Exploring Ocean Science" stated that vph=1.25*(1/2 for deep-water waves (water depth > (/2).  For shallow-water wave (water depth < (/20), vph=3.13*d1/2, where d is the water depth.  A formula covering both deep- and shallow-water waves is given in Ref.[2]. 

2. The wake of a ship/boat - does the pattern consist of just two straight lines? 

[image: image4.wmf]Fig.3. A sketch of the water tank built by us.

Have you ever observed the wake pattern produced by a ship or a boat?  When the velocity of the boat is greater than that of the wave, a wake pattern is observed.  Interestingly, the pattern does not consist of just two straight lines, which form a triangle on the water surface.  Instead, the pattern is shown in Figure 2.  It consists of a wave group formed by a series of short lines that mark the wave crests.  The wave group and the line of wave crest make angles (1 and (2, respectively, to the direction that the boat is moving.

We have made a field trip to Tolo Harbour to observe the wake produced by public ferry and motorboat.  The motorboat speed can be varied at will.  The boat speed, wavelength, angle of the wave group and angle of the wave crest were measured.  Here are the data collected by us. 

Velocity (ms-1)
Wavelength (ft) 
Wavelength (m) 
Angle of wave group (1 (degree)
Angle of wave crest (2 (degree)

2.8
(2.5)
(0.76)
(20)
(40)

3.8
(6)
(1.8)
(22)
27

4.9
(8)
(2.4)
19
38

8.8
(7)
(2.1)
(15)
11

12.5
(7)
(2.1)
8
13

Table 1: Information collected during an observation on the wake generated by boats.  (1 measures the direction of the wave group and (2 measures the direction of the wave crests in the wake.  The values in brackets are estimates obtained by direct on-site observations.  Other values are more accurate and were measured after the process was recorded with a video camera. 

We found that the angle of the wave crest ((2) is roughly twice the angle made by the wave group ((1).  Moreover, when the velocity of the boat increases, both angles decrease while the wavelength increases.  Larger boats are able to create waves of greater wavelength.  The theory behind all these is beyond our understanding.  On private discussions with our supervisor (HF Cheung), he pointed out that the angle-doubling effect can be explained starting from the relation between wave velocity and wavelength.  Since the phase velocity depends on the wavelength, wave group actually travels at a different velocity called the group velocity.  For surface wave on water, the group velocity is only half of the phase velocity typically. 

II. Objectives 

We want to measure the relation between wavelength and velocity of waves in a tank for different depths of water.  In relation to this, we also like to study the effect of surface tension.  To relate the study to the real world, we also observed the propagation of water waves caused by boats in the Tolo Harbour, and the results have already been presented in the last section. 
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III. Method 

We have built a big water tank (6 ft ( 4 ft ( 2 ft) using thick clear Acrylic sheets (see photos in Appendix 2).  The motor of a x-y plotter was used to generate water waves in the tank.  An electronic signal generator fed a sinusoidal signal to the motor and so controlled the frequency of the waves.  A lamp or fluorescent light acted as parallel light source to project the waveform onto a screen.  The floor acted as the screen in our experiment.  Other equipment included an electronic timer to measure the period, a meter ruler to measure the wavelength, and a video camera to record the wave motion. 

Methods to measure wavelength 

We used different methods to measure the wavelength.  In all of these methods a video camera was used to record the wave motion.  Frames from the video picture were selected and then the wavelength was measured using a meter ruler. 

Method 1 used standing waves.  The signal generator was adjusted so that a standing wave was produced.  Method 2 used waveform projection.  The waveform was projected onto the floor.  Method 3 measured the distance traveled by the wave in a certain period of time.  From there, the velocity and wavelength were deduced.  Method 4 used a long straight light source.  Light from this source was reflected from the water surface, which caused distortion on the image of the light source.  The wave motion was then recorded onto the video picture and the wavelength was subsequently measured (see photos in Appendix 2). 

Method to measure surface tension coefficient 

A capillary tube must be rinsed with a suitable cleaning agent (chromosulphuric acid) before the measurement.  The height of the capillary rise (h) was measured with a meter ruler.  The diameter (2r) of the tube was measured with a travelling microscope.  We now give a brief description of the principle involved.  When there is a capillary rise, the force of gravity is balanced by the surface tension. The forces are: 

Upward force (surface tension) = 2(r( 

Downward force (force of gravity) = mg = (r2h(g. 

From this, the surface tension coefficient can be calculated from ( = r(gh /2.  We first measured the surface tension of water.  Then ethylene glycol was used to modify (lower) the surface tension of water in our tank and the surface tension was again measured. 

Diameter of capillary pore (2r) = 1.2 mm 

Density of water (() = 1000 kg/m3 

Gravitational acceleration (g) = 9.8 m/s2

Capillary rise (h) = 23 mm (water) 

Capillary rise (h) = 10 mm (with ethylene glycol) 

The results for the surface tension coefficient measurements are: 

( = 68 mNm-1 (water) 

( = 29 mNm-1 (with ethylene glycol) 

From date book [3], the surface tension of water against air is 

Temperature ((C)
20
25

( (mNm-1)
72.75
72.0

Our measured value of the surface tension coefficient agrees well with the data-book value. The largest error was in the diameter.  That error is estimated to be roughly 5%. 

IV. Results of our experiment on the velocity of surface wave 

We have made measurements of the wave velocity for water depths from 2.5 cm to 26 cm.  In most cases the uncertainty was about 5 %.  Occasionally the uncertainty was up to 15 % for waves with highly erratic waveforms.  We present results only for the most interesting water depths.  More results are given in Appendix 1. The theoretical wave velocity was obtained from a formula in Ref.[2]. 

Table 2: Wave velocity for water depth = 0.025m 

Period (s)
Wavelength (m)
k = 2(/(
w = 2(f
v_ph (m/s)
v_ph_predicted

1.559
0.767
8.20
4.03
0.492
0.495

1.045
0.490
12.8
6.01
0.469
0.494

0.714
0.360
17.5
8.80
0.504
0.490

0.513
0.250
25.1
12.2
0.487
0.475

0.359
0.151
41.6
17.5
0.421
0.427

0.252
0.0933
67.3
24.9
0.370
0.361

0.181
0.0586
107
34.7
0.324
0.296

0.125
0.0329
191
50.3
0.263
0.225

0.090
0.0214
294
69.8
0.238
0.182

0.063
0.0160
393
99.7
0.254
0.158

0.045
0.0116
543
140
0.257
0.134
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Fig.4. Graph of the wave velocity for water depth = 0.025m
Table 3: Wave velocity for water depth = 0.040m (surface tension ( = 68 mNm-1) 

Period
Wavelength
k
W
v_ph
v_ph_predicted

0.364
0.187
33.7
17.3
0.513
0.497

0.251
0.102
61.8
25.0
0.405
0.388

0.181
0.0577
109
34.7
0.319
0.297

0.125
0.0328
191
50.3
0.263
0.226

0.09
0.0219
286
69.8
0.244
0.185

0.063
0.0153
411
99.7
0.243
0.154

0.045
0.0116
541
140
0.258
0.135

Table 4: Wave velocity for water depth=0.040m (with ethylene glycol, ( = 29 mNm-1) 

Period
Wavelength
k
w
v_ph
v_ph_predicted

0.364
0.187
33.6
17.3
0.514
0.498

0.251
0.101
62.5
25.0
0.400
0.386

0.181
0.0560
112
34.7
0.309
0.293

0.125
0.0295
213
50.3
0.236
0.214

0.09
0.0189
332
69.8
0.210
0.172

0.063
0.0123
510
99.7
0.196
0.139

0.044
0.009
698
143
0.205
0.118
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Fig.5: Graph of the wave velocity for water depth = 0.040m

V. Discussion 

From Figure 4, we found that the experimental velocity agrees with the theoretical velocity for long waves, including both shallow-water and deep-water waves.  Experimental error (5-15%) can account for the differences between the experimental and theoretical values.  However, for short waves (( < 2cm), we found that the differences are large and cannot be accounted for by experimental error alone. 

When the measurements were repeated after the addition of ethylene glycol to reduce the surface tension, we found that the data (Figure 5) are in better agreement with theory for short waves. We found from Ref.[1] that when the wavelength is very small, surface tension instead of gravity becomes the dominant restoring force, and serves to pull raised regions down and depressed regions up. Thus, the phase velocity increases with increased surface tension. 

VI. Conclusion 

We conclude that the measured wave velocities agree with the theoretical values when the wavelength is large (> 2cm).  When the wavelength is small, the wave velocity is affected by surface tension.  We also found that the wake produced by a boat consists of parallel lines.  The angle of the wave crest is roughly twice the angle of the wave group. 
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Appendix 1 – More data on the wave velocity
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Fig 6. The measured wave velocity for water of depths 0.04m, 0.07m, 0.13m, and 0.26m. The

theoretical results for infinite water depth are also shown. When the wavelength is much greater than the water depth, the wave velocity tends to a constant, as shown by the data for the 0.04m water depth. At shorter wavelengths, the wave velocity is affected by surface tension.
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2.5 cm

		Depth		Period		Wavelength		k		w		v_ph		v_ph(theory)		ratio

		0.025		1.559		0.767		8.20		4.03		0.492		0.495		0.9933740288

		0.025		1.045		0.490		12.8		6.01		0.469		0.494		0.9491711168

		0.025		0.714		0.360		17.5		8.80		0.504		0.490		1.0291028124

		0.025		0.513		0.250		25.1		12.2		0.487		0.475		1.0262530649

		0.025		0.359		0.151		41.6		17.5		0.421		0.427		0.9846089595

		0.025		0.252		0.0933		67.3		24.9		0.370		0.361		1.0250209021

		0.025		0.181		0.0586		107		34.7		0.324		0.296		1.094941326

		0.025		0.125		0.0329		191		50.3		0.263		0.225		1.1695448364

		0.025		0.090		0.0214		294		69.8		0.238		0.182		1.3051630688

		0.025		0.063		0.0160		393		99.7		0.254		0.158		1.6104435781

		0.025		0.045		0.0116		543		140		0.257		0.134		1.9164245753

				length		frames		velocity

				29.50		15.00		0.49

				59.50		33.00		0.45

				20.00		12.00		0.42

				48.10		28.00		0.43

				length		cycles		wavelength

				98.00		2.00		49.00

				72.00		2.00		36.00

				50.00		2.00		25.00

				75.50		5.00		15.10

				84.00		9.00		9.33

				41.00		7.00		5.86

				46.00		14.00		3.29

				77.00		36.00		2.14

				12.80		8.00		1.60

				22.00		19.00		1.16
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4 cm3

		Depth		Period		Wavelength		k		w		v_ph		v_ph_predicted		ratio

		0.04		1.56		1.07		5.86		4.03		0.688		0.626		1.0982849233

		0.04		1.05		0.7		8.98		5.98		0.667		0.624		1.0688576901

		0.04		0.716		0.453		13.9		8.78		0.633		0.609		1.0383746442

		0.04		0.513		0.293		21.4		12.2		0.571		0.568		1.0056046634

		0.04		0.361		0.2		31.4		17.4		0.554		0.509		1.0878266748

		0.04		0.252		0.108		58.2		24.9		0.429		0.398		1.0754905976

		0.04		0.181		0.059		106		34.7		0.326		0.301		1.0843331985

		0.04		0.125		0.0325		193		50.3		0.260		0.225		1.1580151431

		0.04		0.09		0.0216		291		69.8		0.240		0.183		1.309635231

		0.04		0.063		0.0159		395		99.7		0.253		0.158		1.6050148889

		0.04		0.045		0.012		524		140		0.267		0.137		1.9499340811

		x1		x2		frames		velocity

		8		19		4		0.6875

		28		71		17		0.6323529412

		2		92.5		40		0.565625

		x1		x2		cycles		wavelength

		17.5		87.5		1		0.7

		25.7		71		1		0.453

		34		92.5		2		0.2925

		4		64		3		0.2

		1.8		34.2		3		0.108

		8.3		43.7		6		0.059

		0.8		33.3		10		0.0325

		3.4		31.5		13		0.0216153846

		6.5		49.5		27		0.0159259259

		1.1		23.9		19		0.012
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		Depth		Period		Wavelength		k		w		v_ph		v_ph_predicted		ratio		Capillary Rise

		0.04		0.364		0.187		33.7		17.3		0.513		0.497		1.0312899756		23 mm

		0.04		0.251		0.102		61.8		25.0		0.405		0.388		1.044249741		23 mm

		0.04		0.181		0.0577		109		34.7		0.319		0.297		1.0721639939		23 mm

		0.04		0.125		0.0328		191		50.3		0.263		0.226		1.1640048937		23 mm

		0.04		0.09		0.0219		286		69.8		0.244		0.185		1.3196158677		23 mm

		0.04		0.063		0.0153		411		99.7		0.243		0.154		1.5732335094		23 mm

		0.04		0.045		0.0116		541		140		0.258		0.135		1.9177030333		23 mm

		0.04		0.364		0.187		33.6		17.3		0.514		0.498		1.0324787652		10 mm

		0.04		0.251		0.101		62.5		25.0		0.400		0.386		1.0376405508		10 mm

		0.04		0.181		0.0560		112		34.7		0.309		0.293		1.0550932909		10 mm

		0.04		0.125		0.0295		213		50.3		0.236		0.214		1.1018793291		10 mm

		0.04		0.09		0.0189		332		69.8		0.210		0.172		1.2242611918		10 mm

		0.04		0.063		0.0123		510		99.7		0.196		0.139		1.411183316		10 mm

		0.04		0.044		0.009		698		143		0.205		0.118		1.7267849948		10 mm

		x1		x2		cycles		wavelength

		3		59		3		0.1866666667
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		3.5		36		28		0.0116071429

		1.5		95		5		0.187

		0		100.5		10		0.1005

		4		149.5		26		0.0559615385

		3.4		35.8		11		0.0294545455

		0.2		38		20		0.0189

		4.8		31.9		22		0.0123181818

		4.9		20.2		17		0.009
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Fig.1. An illustration showing the breaking of waves as surface waves travel to shallow water. 
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Fig.2. The wake produced by a small boat.  (1 ((2) is defined to be the angle between the boat’s velocity and the wave group (wave crest). 
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Fig.3. A sketch of the water tank built by us.
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2.5 cm

		Depth		Period		Wavelength		k		w		v_ph		v_ph(theory)		ratio

		0.025		1.559		0.767		8.20		4.03		0.492		0.495		0.9933740288
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		0.025		0.181		0.0586		107		34.7		0.324		0.296		1.094941326

		0.025		0.125		0.0329		191		50.3		0.263		0.225		1.1695448364

		0.025		0.090		0.0214		294		69.8		0.238		0.182		1.3051630688

		0.025		0.063		0.0160		393		99.7		0.254		0.158		1.6104435781

		0.025		0.045		0.0116		543		140		0.257		0.134		1.9164245753
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4 cm3

		Depth		Period		Wavelength		k		w		v_ph		v_ph_predicted		ratio

		0.04		1.56		1.07		5.86		4.03		0.688		0.626		1.0982849233

		0.04		1.05		0.7		8.98		5.98		0.667		0.624		1.0688576901
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		Depth		Period		Wavelength		k		w		v_ph		v_ph_predicted		ratio		Capillary Rise

		0.04		0.364		0.1866666667		33.6599212885		17.2614980966		0.5128205128		0.4972612213		1.0312899756		23 mm

		0.04		0.251		0.1016666667		61.8018226936		25.0326107856		0.4050464807		0.3878827687		1.044249741		23 mm

		0.04		0.181		0.0577272727		108.8425801244		34.7137309789		0.3189352084		0.2974686804		1.0721639939		23 mm
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