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Discrete Flavor Symmetries 
in D-brane models



Motivation 
✤ What does String Theory has to say about flavor?

✦ Hierarchies in mass matrices

✦ Flavor symmetries

✤ Discrete flavor symmetries are are used in BSM model building to

✦ Explain quark textures and lepton masses and mixings

✦ Avoid FCNC in the MSSM

Reviews: 
Ishimori et al’10

Altarelli & Feruglio’10
 

example: F-theory GUTs Diego & Gianluca’s talks

in particular discrete flavor symmetries



Motivation 
✤ What does String Theory has to say about flavor?

✦ Hierarchies in mass matrices

✦ Flavor symmetries
Reviews: 

Ishimori et al’10
Altarelli & Feruglio’10

 

example: F-theory GUTs Diego & Gianluca’s talks

in particular discrete flavor symmetries

Questions:

How generic are discrete flavor symmetries in s.t.?
What is their origin? 4d field theory description?

Which kind of groups & reps appear? 



Motivation 
✤ To answer these questions, we must learn to realize discrete 

symmetries in  string theory

✤  However, quantum gravity does not seem to like global symmetries

✦ microscopic arguments in string theory 

✦ general arguments in black hole evaporation

and so, in the context of string theory in order to realize exact 
symmetries one should look for discrete gauge symmetries

see e.g. Banks & Seiberg’11

Banks & Dixon’88



Motivation 
✤ To answer these questions, we must learn to realize discrete 

symmetries in  string theory

✤  However, quantum gravity does not seem to like global symmetries

✦ microscopic arguments in string theory 

✦ general arguments in black hole evaporation

and so, in the context of string theory in order to realize exact 
symmetries one should look for discrete gauge symmetries

✤ Examples in the literature:

✦ ZN symmetries ⊂ anomalous U(1)’s

✦ Compactifications with fluxes

✦ Compactifications with torsion cycles

see e.g. Banks & Seiberg’11

Banks & Dixon’88

Mikel’s talk

coming soon

Cámara, Ibáñez, F.M.´11



DGS in D-brane models
✤ Semi-realistic D-brane models generically contain U(1) gauge 

symmetries beyond U(1)Y
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DGS in D-brane models
✤ Semi-realistic D-brane models generically contain U(1) gauge 

symmetries beyond U(1)Y

✤ Most of them acquire a mass via a Stückelberg mechanism

and show up as global U(1) symmetries at the perturbative level

) MU(1) ⇠ Ms

(d� = ⇤4dB)L � kB ^ F ) LStk =
1

2
(d�+ kA)2



DGS in D-brane models
✤ Semi-realistic D-brane models generically contain U(1) gauge 

symmetries beyond U(1)Y

✤ Most of them acquire a mass via a Stückelberg mechanism

and show up as global U(1) symmetries at the perturbative level

✤ Such symmetries are broken by D-brane instantons, which generate 
effective couplings forbidden by the U(1) symmetry

➡ Mechanism to generate suppressed couplings               
(Yukawas, neutrino Majorana masses ... )

) MU(1) ⇠ Ms

(d� = ⇤4dB)L � kB ^ F ) LStk =
1

2
(d�+ kA)2

invariant 
under 

A ! A+ d�

T ! T + ik�

Blumenhagen, Cvetic, Weigand ’06
Ibáñez & Uranga’06

W ⇠ �nke�2⇡nT T = ⇢+ i�



DGS in D-brane models
✤ Semi-realistic D-brane models generically contain U(1) gauge 

symmetries beyond U(1)Y

✤ Most of them acquire a mass via a Stückelberg mechanism

and show up as global U(1) symmetries at the perturbative level

✤ Such symmetries are broken by D-brane instantons, which generate 
effective couplings forbidden by the U(1) symmetry

✤ However, if k is non-trivial, they still have to preserve a residual ℤk 
gauge symmetry ⇒ some couplings are forbidden at all levels

) MU(1) ⇠ Ms

(d� = ⇤4dB)L � kB ^ F ) LStk =
1

2
(d�+ kA)2

invariant 
under 

Berasaluce-González et al.’11

A ! A+ d�

T ! T + ik�
T = ⇢+ i�W ⇠ �nke�2⇡nT



Couplings and symmetries
✤ Consequence: The symmetries of a compactification and their nature 

are relevant for the structure of couplings in the effective theory. 

✤ Previous example: D-brane U(1) symmetries are made massive by a 
Stückelberg mechanism, only broken by non-perturbative effects       
→ to a subgroup ℤN

Tree level

Non-perturbative

Forbidden

Yijk

Yijk e-2πT 

0



Discrete Gauge Symmetries
in 4d QFT



Discrete gauge symmetries in 4d
✤ Basic Lagrangian for a ℤk gauge symmetry

✤ Gauging of a shift symmetry by a U(1)

L =
1

2
(d�� kA)2 � 1

4
Fµ⌫F

µ⌫ � ⇠ �+ 1

Aµ ! Aµ + @µ� � ! �+ k�

axion



Discrete gauge symmetries in 4d
✤ Basic Lagrangian for a ℤk gauge symmetry

✤ Gauging of a shift symmetry by a U(1)

✤ Dual description: 

we can read the remaining ℤk symmetry from the coefficient               
of the BF coupling

L =
1

2
(d�� kA)2 � 1

4
Fµ⌫F

µ⌫ � ⇠ �+ 1

Aµ ! Aµ + @µ� � ! �+ k�

axion

L0 =
1

2
H ^ ⇤H + kB ^ F +

1

2
F ^ ⇤F (d� = ⇤4dB)

Banks & Seiberg’11



Discrete gauge symmetries in 4d
✤ Basic Lagrangian for a ℤk gauge symmetry

✤ Gauging of a shift symmetry by a U(1)

✤ On the other hand, we can interpret k as a winding number between 
the S1 = R / 𝚪, where the axion lives and the U(1) = S1 = R / 𝚪’ of the 
gauge theory

L =
1

2
(d�� kA)2 � 1

4
Fµ⌫F

µ⌫ � ⇠ �+ 1

Aµ ! Aµ + @µ� � ! �+ k�

axion

Understanding building blocks

• Axion-like fields (shift symmetry; only derivative couplings)

defines lattice Γ=ZPeriodic identification � ! �+ 1

Discrete gauge symmetry: field identifications not 
implemented by U(1) gauge transformations

  Building block in Zn case

Embedding of U(1) S1 into axion S1 with winding n
Defines lattice Γ’=nZ

• Gauging (by a U(1))

A ! A+ d� ; � ! �+ n�

� ! �+ 1

A ! A+ d� ; � ! �+ n�

�

�0 = Zn

Discrete gauge symmetry =

= identifications of 𝜙 not taken into account by the gauge symmetry

�

�0 = Zk



Discrete gauge symmetries in 4d
✤ Multiple Abelian case:

Generalization
�a ' �a + 1~� ' ~�+ ~ki

X

↵

�
@µ�

a � ki
aAi

µ

� �
@⌫�

b � ki
bAi

⌫

�
⌘µ⌫�ab

  Multiple U(1) case

  Non-abelian case

X

↵

�
@µ�

a � ki
aAi

µ

� �
@⌫�

b � ki
bAi

⌫

�
⌘µ⌫Gab(�)

Non-abelian axions: fields with non-commuting shift symmetries

• Example: axion moduli space is twisted torus

Γ/Γ’= discrete Heisenberg groups Hk

Ak = 1 , Bk = 1 , AB = BAC

�b ! �b + ✏AXb
A

kai A
i
µ ! ki

a Ai
µ + Xa

C@µ✏
C + fC

AB Xa
C (X�1)Ab Aj

µ kj
b ✏B

Gauging

Lagrangian

(@µ�
a � kai A

i
µ)(@⌫�

b � kbiA
i
⌫) ⌘

µ⌫�ab

|P | = det kP =
�

�0 →



Discrete gauge symmetries in 4d
✤ Multiple Abelian case:

✤ Non-Abelian case:

✦ Axion-like scalars with non-commuting                                    
shift symmetries

✦ Gauging of the axionic manifold: 

✦ Discrete gauge symmetry again given by: 

Generalization
�a ' �a + 1~� ' ~�+ ~ki

X

↵

�
@µ�

a � ki
aAi

µ

� �
@⌫�

b � ki
bAi

⌫

�
⌘µ⌫�ab

  Multiple U(1) case

  Non-abelian case

X

↵

�
@µ�

a � ki
aAi

µ

� �
@⌫�

b � ki
bAi

⌫

�
⌘µ⌫Gab(�)

Non-abelian axions: fields with non-commuting shift symmetries

• Example: axion moduli space is twisted torus

Γ/Γ’= discrete Heisenberg groups Hk

Ak = 1 , Bk = 1 , AB = BAC

�b ! �b + ✏AXb
A

kai A
i
µ ! ki

a Ai
µ + Xa

C@µ✏
C + fC

AB Xa
C (X�1)Ab Aj

µ kj
b ✏B

Gauging

Lagrangian
�b ! �b + ✏AXb

A [XA, XB ] = fC
ABXC

Axionic manifold → group manifold or quotient by discrete subgroup M/𝚪

@µ�
a ! @µ�

a � kai A
i
µ

@µ�
a@µ�b Gab(�)

P =
�

�0

(@µ�
a � kai A

i
µ)(@⌫�

b � kbiA
i
⌫) ⌘

µ⌫�ab

|P | = det kP =
�

�0 →



✤ Simple example: Heisenberg group ℋ3

✤ Axionic Lagrangian:

✤ ℋ3  non-compact but ℋ3/𝚪 compact → twisted 3-torus

[X1, X2] = X3

Gab(�)@µ�@
µ� = Kab⌘

a
µ⌘

b µ
⌘1µ = @µ�

1 ⌘2µ = @µ�
2

⌘3µ = @µ�
3 +

1

2
(�1@µ�

2 � �2@µ�
1)

An example

� :

8
><

>:

�1 ! �1 + 1 �3 ! �3 � �2

2

�2 ! �2 + 1 �3 ! �3 + �1

2
�3 ! �3 + 1



✤ Simple example: Heisenberg group ℋ3

✤ Axionic Lagrangian:

✤ ℋ3  non-compact but ℋ3/𝚪 compact → twisted 3-torus

✤ Upon gauging:

✦ k=2 → P = D4

✦ k=3 → P = Δ (27)

[X1, X2] = X3

Gab(�)@µ�@
µ� = Kab⌘

a
µ⌘

b µ
⌘1µ = @µ�

1 ⌘2µ = @µ�
2

⌘3µ = @µ�
3 +

1

2
(�1@µ�

2 � �2@µ�
1)

P =
�

�0 = (Zk ⇥ Zk)o Zk

T k
1 = T k

2 = T k
3 = 1

T1T2 = T3T2T1

An example

� :

8
><

>:

�1 ! �1 + 1 �3 ! �3 � �2

2

�2 ! �2 + 1 �3 ! �3 + �1

2
�3 ! �3 + 1



Discrete Flavor Symmetries
from D-branes



DFS & intersecting branes
✤ The discrete symmetries obtained from anomalous U(1)’s are     

Abelian and flavor-independent

✤ One may however also obtain flavor discrete symmetries.            
These symmetries may be non-Abelian and contain the            
previous Abelian symmetries as a subgroup.

✤ Simple mechanism for family replication: intersecting D-branes

4M

gluon

QL

W

CY3

q1

q2
q3



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y V x

µ

⇠ g x

µ

V y

µ

⇠ g y

µ

�
! U(1)⇥ U(1)



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y

(na,ma) = (1, 3)

�a

LSt =
1

2

�
@
µ

�
a

�m
a

V x

µ

+ n
a

V y

µ

�2

V x

µ

⇠ g x

µ

V y

µ

⇠ g y

µ

�
! U(1)⇥ Zq



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y

(na,ma) = (1, 3)

(nb,mb) = (1, 0)

LSt =
1

2
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@
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�
a

�m
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@
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V x
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V y
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P = ZIab
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µ
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�
!



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x
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D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y
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d = g.c.d.(Iab, Ibc, Ica)



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y
U(1)⇥ U(1)

Bx

µ

⇠ B
µx
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µ
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µ y

�
!



D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y
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D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y

(na,ma) = (1, 3)

(nb,mb) = (1, 0)
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D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y

(na,ma) = (1, 3)

(nb,mb) = (1, 0)

P = ZIab
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D6-branes on T6

✤ Simplest case: intersecting D6-branes on T2xT2xT2 

✤ On each T2

x

y

(na,ma) = (1, 3)

(nb,mb) = (1, 0)

P = Zd

d = g.c.d.(Iab, Ibc, Ica)
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D6-branes on T6

✤ Flavor group from each T2

✤ In total

P = (ZN ⇥ ZN )o ZN = HN

gT =

0

BBBBB@

1
1

. . .
1

1

1

CCCCCA

P = HN1 ⇥HN2 ⇥HN3

gW =

0

BBBBB@

1
!
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. . .
!N�1

1

CCCCCA



D6-branes on T6

✤ Flavor group from each T2

✤ In total

✤ Several D6-branes: 

P = (ZN ⇥ ZN )o ZN = HN

gT =

0
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1
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. . .
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1

1

CCCCCA

P = HN1 ⇥HN2 ⇥HN3

gW =

0
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1
!
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. . .
!N�1

1

CCCCCA

P = Hd1 ⇥Hd2 ⇥Hd3

di = g.c.d.(Iiab, I
i
bc, I

i
ca, . . . )



D6-branes on T6

✤ This flavor group constrains the Yukawa couplings:

JHEP 
A particular feature of the configurations where d > 1 is that not every triplet of

intersections (i, j, k) is connected by a triangle. Indeed, from solution (3.3) we see that a

pair of intersections (i, j) from (ab, ca) will only couple to |Ibc|/d different bc intersections,

same for the other pairs. Similarly, one definite intersection from bc will couple to |IabIca|/d2

(i, j) pairs of (ab, ca) intersections. This can be seen in figure 6, where a particular example

of non-coprime configuration is shown. In this same figure we can appreciate another

brane b

brane c

brane a

k = 3k = 0

k = 2

i = 0
j = 1 j = 2 j = 0

k = 4k = 1

k = 5

j = 3
i = 1

Figure 6: Relevant intersections and triangles for the three 1-cycles (na, ma) = (1, 0), (nb, mb) =
(1, 2) and (nc, mc) = (1,−4). Notice that the fundamental region of the torus has two identical
regions, exactly matching with d = g.c.d.(Iab, Ibc, Ica) = 2. Also notice that a triangle exists
connecting the vertices (i, j, k) if and only if i + j + k = even.

feature of these configurations, which is that the fundamental region of the torus divides in

d identical copies. That is, the intersection pattern of any of these regions exactly matches

the others. This is a direct consequence from the Diophantine solution (3.3).

Let us now formulate the ansatz for this more general class of configurations. It consist

of two points:

• A Yukawa coupling can be expressed as a complex theta function, whose parameters

are

δ =
i

Iab
+

j

Ica
+

k

Ibc
+

d · (Iabεc + Icaεb + Ibcεa)

IabIbcIca
+

s

d
, (3.30)

φ = (Iabθc + Icaθb + Ibcθa) /d, (3.31)

κ =
J

α′

|IabIbcIca|

d2
(3.32)

where s ≡ s(i, j, k) ∈ Z is a linear function on the integers i, j and k.

– 20 –

Yijk 6= 0 () i+ j + k = 0 mod d

Yijk = Y
i+

Iab
d j+

Ibc
d k+ Ica

d

Cremades, Ibañez, F.M.’03
Abe et al.’09



Magnetized D-branes
✤ Dual example: U(1) gauge theory compactified on T2, with a gauge 

field strength background in the extra dimensions

✤ The magnetization breaks (gauges) the translational isometry,  
because A changes as we move on T2 

F2 = 2⇡Mdx ^ dy ) A = ⇡M(xdy � ydx)

4M

6X

A(x+ �

x

, y) = A(x, y) + ⇡M�

x

dy

A(x, y + �

y

) = A(x, y)� ⇡M�

y

dx



Magnetized D-branes
✤ Dual example: U(1) gauge theory compactified on T2, with a gauge 

field strength background in the extra dimensions

✤ The magnetization breaks (gauges) the translational isometry,  
because A changes as we move on T2 

F2 = 2⇡Mdx ^ dy ) A = ⇡M(xdy � ydx)

e�jDj iDke
��jDj = iDk + �jFjk

eµjBj iDke
�µjBj = iDk + µj�jk

LSt = �1

2

X

↵=a,b

n

�

@
µ

⇠
x,↵

+m
↵

V y

µ

�Bx

µ

�2
+

�

@
µ

⇠
y,↵

�m
↵

V x

µ

�By

µ

�2
o

e
D

x

M  j ! e2⇡i
j

M  j

e
D

y

M  j !  j+1

⇒
discrete Heisenberg flavor symmetry

(twisted torus isometries)



Beyond tori
✤ This is all very nice, but T6 is not a good example of compactification 

manifold because one cannot build stable chiral D-brane models.

✦ One should add O-planes

✦ One should add curvature → generic CY   (example: T6/Γ)

✤ Problem:  CY’s do not have continuous isometries, so we cannot 
apply our 4d calculations to find the flavor group 



Beyond tori
✤ This is all very nice, but T6 is not a good example of compactification 

manifold because one cannot build stable chiral D-brane models.

✦ One should add O-planes

✦ One should add curvature → generic CY   (example: T6/Γ)

✤ Problem:  CY’s do not have continuous isometries, so we cannot 
apply our 4d calculations to find the flavor group 

✤ Idea: Revisit T2 case and understand flavor group in terms of 
symmetries 

✤ Apply the same for CY or T6/Γ

U(1)⇥ U(1) ! Z3

Pbulk Pbulk+brane!



Discrete Flavor Symmetries
in orbifolds



Flavor in T6/Z2xZ2 
✤ Simple example of orbifold: T6/Z2xZ2

✦ Allows for chiral N=1 models

✦ Allows for D-branes with no moduli

✤ Isometry group broken to Z26 by the orbifold action

✤ Rigid D6-branes go through fixed points

Blumenhagen, Cvetic, F.M., Shiu.’05
Dudas, Tirmigaziu’05

where [⇧B
a ] stands for a bulk three-cycle, that is a T6 three-cycle of the form (A.2) that

is inherited in the orbifold quotient. Bulk three-cycles correspond to the untwisted RR

charges of the orbifold, and the intersection number between them is given by

IBab = [⇧B
a ] · [⇧B

b ] = 4
3Y

i=1

(ni
a m

i
b �mi

a n
i
b), (A.4)

where the factor of 4 arises from taking into account the Z

2

⇥ Z

0
2

orbifold action. Beside

the bulk cycles there are 32 collapsed three-cycles for each of the three twisted sectors.

Their homology class is of the form

[⇧g
IJ, a] = 2[egIJ ]⌦

�
ni

g

a [a
i
g ] +mi

g

a [b
i
g ]
�

(A.5)

where g = ⇥,⇥0,⇥⇥0 runs over all twisted sectors, and ig = 3, 1, 2, respectively. Here egIJ

I, J 2 {1, 2, 3, 4} stand for the 16 fixed points on (T2)i⇥ (T2)j/Z2

, where Z
2

= {1, g} and

(T2)i,j are the two-tori such that g : (zi, zj) 7! (�zi,�zj) (see fig. 6). These fixed points

correspond to the Z

2

singularities of a K3 surface in its orbifold limit T4/Z2

2

, and each

can be blown up to a P1 whose homology class is given by [egIJ ]. Finally, aig , big stand

for the fundamental one-cycles of (T2)i
g

, the two-torus which is left invariant under the

action of g. Gathering all these facts together, one can compute the intersection number

of two collapsed three-cycles as

[⇧g
IJ, a] · [⇧h

KL, b] = 4 �IK�JL�
gh (ni

g

a mi
g

b �mi
g

a ni
g

b ) (A.6)
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y1

1
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x2

y2
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x3

y3

1

2

3

4

Figure 6: Fractional brane passing through 4 fixed points for each twisted sector. Fixed

points are denoted by dots in the ⇥ sector, by circles in the ⇥0 sector and squares in the

⇥⇥0 sector.
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✤ Breaking pattern for isometries on T2/Z2

x

y

x

y

x

y

x

y
a) b)

c) d)

Figure 3: T2/Z
2

with a) no branes b) one brane on the cycle (1,3) c) two branes on (1,3)

and (1,1) d) three branes on (1,3), (1,1) and (1,-1).

From this geometrical perspective one can also see that we are indeed dealing with a flavor

symmetry, that acts on the intersection points of each T2 as the shift generator

gT =

0BBBBBBBBB@

1

1
. . .

1

1

1CCCCCCCCCA
(3.4)

Finally, this symmetry is further broken if we include additional D-branes (fig. 3d). One

can check that if we add a D-brane c then the fundamental region of T2 will be divided

into d identical regions, with d = g.c.d.(Iab, Ibc, Ica) [34]. The remaining discrete gauge

symmetry is then Zd, which corresponds to the common factor ZI
ab

\ ZI
bc

\ ZI
ca

of the

cycles ⇧n
a , ⇧

n
b that are each a Tn ⇢ T2n and that intersect transversally, then the group of translational

symmetry is broken to T = �/�̂, where � is the lattice generated by the intersection points and �̂ is the

lattice of coordinate identifications that defines T2n. When T2n is factorizable T is a direct product of

discrete subgroups, as in (3.3).

14

Z2 ⇥ Z2 ! Z2 ! Z2 ! Z2

Iab even d even
} }
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✤ The same applies to the B-field transformations

✤ Final flavor group: H2 ≃ D4

✤ For T6/Z2xZ2 :

If in a T2 all intersection numbers are even we have a D4 factor

d i = g.c.d.(2, Iiab, I
i
bc, I

i
ca, . . . )

P = D[d1�1]
4 ⇥D[d2�1]

4 ⇥D[d3�1]
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Flavor in T6/Z2xZ2 
✤ The same applies to the B-field transformations

✤ Final flavor group: H2 ≃ D4

✤ For T6/Z2xZ2 :

If in a T2 all intersection numbers are even we have a D4 factor

✤ Remarks:

✦ D6-branes through same fixed points ⟷ twisted tadpoles
✦ Iab = even does not imply even number of families

d i = g.c.d.(2, Iiab, I
i
bc, I

i
ca, . . . )

P = D[d1�1]
4 ⇥D[d2�1]

4 ⇥D[d3�1]
4

When introducing the orbifold projection, some of these massless fields will be pro-

jected out. In particular, we must require that the internal fermionic wavefunctions are

invariant under the action of the Z
2

⇥Z

0
2

generators. These act on a fermion with Lorentz

indices (2.5) as

⇥ :  (z
1

, z
2

, z
3

) 7! ei⇡(r1�r2) (�z
1

,�z
2

, z
3

) = s
1

s
2

 (�z
1

,�z
2

, z
3

)

⇥0 :  (z
1

, z
2

, z
3

) 7! ei⇡(r2�r3) (�z
1

,�z
2

, z
3

) = s
2

s
3

 (z
1

,�z
2

,�z
3

)
(2.6)

A generic open string wavefunction, which are basically delta functions localized at the

intersection points, will not be invariant under such transformations, and so one must

form linear combinations that transform appropriately under internal coordinate reversal.

x

y

0
1

2
3

4
5

6
7

x

y

0

1
2

3
4

5
6

7

z ! �z

Figure 2: Space inversion in one of the tori and D-branes with wrapping numbers (1, 3) and

(3, 1). Some of the intersection points are invariant while others get exchanged. The even

combination of points are {0, 1+7, 2+6, 5+3, 4} and the odd ones {1�7, 2�6, 5�3}.

Notice that the number of even and odd points is in agreement with (2.7).

In order to describe these combination of wavefunctions let us first consider two D-

branes wrapping 1-cycles of (T2)i going through the origin, and see how their intersection

points transform under the Z

2

action generated by z 7! �z. As shown in figure 2,

one can take linear combinations of delta functions at the intersection points, in order

to form wavefunctions which are even and odd under the orbifold action. Such linear

combinations have coe�cients ±1, and the number of even and odd points for a given

intersection number I iab is given by

I ie =
1

2

�
I iab + si⇢i

�
I io =

1

2

�
I iab � si⇢i

�
(2.7)

9

 j
even

=  j,N +  N�j,N

 j
odd

=  j,N �  N�j,N
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✤ Representations:

with d i = g.c.d.(2, I iab, I
i
bc, I

i
ca).

We will rederive this result in the next section, where we will use the T-dual framework

of magnetized D-branes to obtain (3.14) and (3.15), as well as to make contact with the

results of [19–22]. In addition to deriving the symmetry group we will use the magnetized

picture to classify under which representations do the chiral families transform on each

model. The reader not interested in such details may find the results summarized below,

and may safely skip to section 5 where they are applied to specific examples.

Summary

In general we find that the wavefunctions that correspond to bifundamental fields (Na, N̄b)

are of the form

 j1,j2,j3
ab =  j1

ab ·  
j2
ab ·  

j3
ab (3.16)

where  j
i

ab lives in (T2)i. Depending on the signs of the intersection numbers I iab these

wavefunctions will be even or odd under the action zi 7! �zi, as discussed below (2.9).

If  j
i

ab is even the index ji will run over I ie values and if it is odd over I io values, with I ie

and I io defined in (2.7). Moreover, if I iab is even, this index will transform under a specific

representation of the flavor symmetry group D
4

of (T2)i. This representation will depend

on the value of I iab and the wavefunction parity, as shown in table 2.

|I iab|  j
i

even

dim = |Iiab|/2 + 1  j
i

odd

dim = |Iiab|/2� 1

4s+ 2
s+1

� R
2

s
� R

2

8s+ 4
s+1

� (+,+)
s+1

� (+,�)
s+1

� (�,+)
s
� (�,�)

s
� (+,+)

s
� (+,�)

s
� (�,+)

s+1

� (�,�)

8s+ 8
s+2

� (+,+)
s+1

� (+,�)
s+1

� (�,+)
s+1

� (�,�)
s
� (+,+)

s+1

� (+,�)
s+1

� (�,+)
s+1

� (�,�)

Table 2: Di↵erent family representations under the flavor symmetry group D
4

on each

(T2)i. Here R
2

stands for the 2-dimensional irreducible representation of the dihedral

group D
4

, see (4.20), while (±,±0) stands for the one-dimensional representation in which

the two generators of D
4

act respectively as ±I and ±0
I.
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 j1,j2,j3
ab =  j1

ab ·  
j2
ab ·  

j3
ab

the flavor symmetry was understood as the group of isometries of the manifold that is

also preserved by the D-brane configuration. This observation can also be applied to the

T6/Z
2

⇥Z

0
2

orbifold, whose group of translational isometries is discrete and given by Z

6

2

.

Upon dimensional reduction this will give rise to a 4d discrete Z

6

2

gauge group that will

be broken to a subgroup by the inclusion of D6-branes, and this subgroup will be part of

the discrete flavor symmetry of the model.

To get an idea of this symmetry breaking let us again consider the toy example T2/Z
2

.

The Z
2

quotient is generated by z 7! �z and so there are four fixed points that break the

continuous isometry group U(1)2 of T2 down to Z

2

⇥ Z

2

. The generators of this discrete

group are the actions z 7! z + 1/2 and z 7! z + ⌧/2, with ⌧ the complex structure of the

torus, that interchange the fixed points at {0, 1/2, ⌧/2, (1 + ⌧)/2} among them.

x

y

0
1
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4
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6
7

x
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0
1

2
3

4
5

6
7

z ! z + 1+⌧
2

1

1

4

4

2

2

3

3

Figure 4: Translation z ! z + 1+⌧
2

in a square torus. This is the generator of the shift

symmetry in the intersecting brane picture.

Let us now introduce D-branes in this background. In our toy example fractional D-

branes are represented by 1-cycles that pass through two of the four fixed points of T2/Z
2

.

It is then clear that the presence of a single D-brane breaks the group of translations

Z

2

⇥ Z

2

down to Z

2

, where this latter Z

2

interchanges the two fixed points that the

D-brane goes through. For instance, as shown in figure 4 a D-brane whose wrapping

numbers (n,m) are both odd will go through the fixed points {1,4} or {2,3} (see table 1).

The symmetry of this system is then the Z

2

generated by z ! z + 1+⌧
2

that interchanges

the fixed points as 1 $ 4 and 2 $ 3. As figure 4 also shows this Z
2

symmetry will still

17



Examples
✤ 4-generation Pati-Salam from Blumenhagen, Cvetic, F.M., Shiu.’05

N↵ (n1

↵,m
1

↵) (n2

↵,m
2

↵) (n3

↵,m
3

↵)

Na1 = 4 (1, 0) (0, 1) (0,�1)

Na2 = 2 (1, 0) (2, 1) (4,�1)

Na3 = 2 (�3, 2) (�2, 1) (�4, 1)

Table 4: Wrapping numbers for the four-generation Pati-Salam model of [16].

The gauge group that arises from this set of D-branes is given by U(4) ⇥ U(2) ⇥

U(2), and as shown in [16] the chiral spectrum contains four families of left-handed chiral

fermions in the representations (4,2,1) + (4̄,1,2). We then have a four-generation Pati-

Salam model, and because the supersymmetry conditions (5.8) amount to impose

2U2 = U3

tan�1

⇣
2U1

3

⌘
+ tan�1

⇣
U2

2

⌘
+ tan�1

⇣
U3

4

⌘
= ⇡

(5.9)

with U i = Ry
i

/Rx
i

, we can find a continuum of supersymmetric solutions. The matter

spectrum then contains 4(4,2,1) + 4(4̄,1,2) N = 1 left-handed chiral multiplets.

Flavor group and representations

Let us analyze this Pati-Salam model in light of the results of section 2. Table 5 shows

the toroidal intersection numbers I i↵� for each of the relevant sectors of this model. Notice

that all these numbers are even, and so in (3.15) one has that d
1

= d
2

= d
3

= 2. That is,

the flavor symmetry group of this sector is given by

Pa1a2a3
T6/Z2⇥Z

0
2
= D(1)

4

⇥D(2)

4

⇥D(3)

4

(5.10)

where the factor D(i)
4

arises from the symmetries on the two-torus (T2)i. While (5.10)

corresponds to a symmetry of the Pati-Salam sector, it does not need to be respected by

the whole D-brane model. Indeed, in order to satisfy the consistency conditions (5.7) we

will need to add extra sets of D6-branes to those of table 5, and in order for (5.10) to be

handed chiral fermions in the representation (Na, N̄b), while a negative intersection signals |Iab| fermions

in the same representation but with opposite chirality. In [16] this chirality convention is reversed.
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The final result has been summarized in table 6, together with the representations for the

other sectors of the form aiaj and aiaj0 with i 6= j, that can be treated similarly.

Sector Field D(1)

4

D(2)

4

D(3)

4

a
1

a
2

FL = (4, 2̄,1) 1 R
2

(�,�)

a
1

a0
2

F 0
L = (4,2,1) 1 (�,�) R

2

a
1

a
3

FR = (4̄,1,2) R
2

R
2

(�,�)

a
2

a
3

H = (1,2, 2̄) R
2

1� (+,�)� (�,+) 1

a
2

a0
3

H 0 = (1, 2̄, 2̄) R
2

1 12 � (+,�)� (�,+)� (�,�)

Table 6: Representations of the Pati-Salam fields under the flavor symmetry group.

Yukawa couplings

Given the above representations under the flavor symmetry group one can now consider

the Yukawa couplings

Y : (a
1

a
2

)⌦ (a
1

a
3

)⌦ (a
2

a
3

) �! (4, 2̄,1)⌦ (4̄,1,2)⌦ (1,2, 2̄)

Y 0 : (a0
1

a
2

)⌦ (a
1

a
3

)⌦ (a0
2

a
3

) �! (4,2,1)⌦ (4̄,1,2)⌦ (1, 2̄, 2̄)
(5.12)

which are allowed by gauge invariance.15 It however happens that several of these cou-

plings are not allowed by the discrete flavor symmetry (5.10), as we will now see.

Let us first consider the coupling Y in (5.12). In principle, Y has 2⇥4⇥6 independent

components since there are 6 di↵erent Higgses that appear in this set of Yukawa couplings.

Nevertheless, in general the discrete symmetries in each torus will reduce the number of

independent Yukawas. On the one hand, invariance under D(1)

4

forces us to choose the

singlet in 1 ⌦R
2

⌦R
2

= 1 � (+,�) � (�,+) � (�,�) which reduces by a factor 4 the

number of independent Yukawas. On the other hand, under D(2)

4

the coupling Y behaves

as follows

R
2

⌦R
2

⌦ (1� (+,�)� (�,+)) = (1� (+,�)� (�,+)� (�.�))⌦ (1� (+,�)� (�,+))

= 13 � (+,�)3 � (�,+)3 � (�,�)3

15This includes those Abelian discrete gauge symmetries that remain after the U(1) factors of the gauge

group are broken by a Stückelberg mechanism [7].
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which are allowed by gauge invariance.15 It however happens that several of these cou-

plings are not allowed by the discrete flavor symmetry (5.10), as we will now see.

Let us first consider the coupling Y in (5.12). In principle, Y has 2⇥4⇥6 independent

components since there are 6 di↵erent Higgses that appear in this set of Yukawa couplings.

Nevertheless, in general the discrete symmetries in each torus will reduce the number of

independent Yukawas. On the one hand, invariance under D(1)

4

forces us to choose the

singlet in 1 ⌦R
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= 1 � (+,�) � (�,+) � (�,�) which reduces by a factor 4 the

number of independent Yukawas. On the other hand, under D(2)
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the coupling Y behaves
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Examples
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Table 4: Wrapping numbers for the four-generation Pati-Salam model of [16].

The gauge group that arises from this set of D-branes is given by U(4) ⇥ U(2) ⇥

U(2), and as shown in [16] the chiral spectrum contains four families of left-handed chiral

fermions in the representations (4,2,1) + (4̄,1,2). We then have a four-generation Pati-

Salam model, and because the supersymmetry conditions (5.8) amount to impose

2U2 = U3

tan�1

⇣
2U1

3

⌘
+ tan�1

⇣
U2

2

⌘
+ tan�1

⇣
U3

4

⌘
= ⇡

(5.9)

with U i = Ry
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, we can find a continuum of supersymmetric solutions. The matter

spectrum then contains 4(4,2,1) + 4(4̄,1,2) N = 1 left-handed chiral multiplets.

Flavor group and representations

Let us analyze this Pati-Salam model in light of the results of section 2. Table 5 shows

the toroidal intersection numbers I i↵� for each of the relevant sectors of this model. Notice

that all these numbers are even, and so in (3.15) one has that d
1

= d
2

= d
3

= 2. That is,

the flavor symmetry group of this sector is given by
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where the factor D(i)
4

arises from the symmetries on the two-torus (T2)i. While (5.10)

corresponds to a symmetry of the Pati-Salam sector, it does not need to be respected by

the whole D-brane model. Indeed, in order to satisfy the consistency conditions (5.7) we

will need to add extra sets of D6-branes to those of table 5, and in order for (5.10) to be

handed chiral fermions in the representation (Na, N̄b), while a negative intersection signals |Iab| fermions

in the same representation but with opposite chirality. In [16] this chirality convention is reversed.
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other sectors of the form aiaj and aiaj0 with i 6= j, that can be treated similarly.
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Yukawa couplings

Given the above representations under the flavor symmetry group one can now consider

the Yukawa couplings
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which are allowed by gauge invariance.15 It however happens that several of these cou-

plings are not allowed by the discrete flavor symmetry (5.10), as we will now see.

Let us first consider the coupling Y in (5.12). In principle, Y has 2⇥4⇥6 independent

components since there are 6 di↵erent Higgses that appear in this set of Yukawa couplings.

Nevertheless, in general the discrete symmetries in each torus will reduce the number of

independent Yukawas. On the one hand, invariance under D(1)

4

forces us to choose the

singlet in 1 ⌦R
2

⌦R
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= 1 � (+,�) � (�,+) � (�,�) which reduces by a factor 4 the

number of independent Yukawas. On the other hand, under D(2)
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the coupling Y behaves

as follows
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15This includes those Abelian discrete gauge symmetries that remain after the U(1) factors of the gauge

group are broken by a Stückelberg mechanism [7].
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which are allowed by gauge invariance.15 It however happens that several of these cou-

plings are not allowed by the discrete flavor symmetry (5.10), as we will now see.

Let us first consider the coupling Y in (5.12). In principle, Y has 2⇥4⇥6 independent

components since there are 6 di↵erent Higgses that appear in this set of Yukawa couplings.

Nevertheless, in general the discrete symmetries in each torus will reduce the number of

independent Yukawas. On the one hand, invariance under D(1)

4

forces us to choose the

singlet in 1 ⌦R
2

⌦R
2

= 1 � (+,�) � (�,+) � (�,�) which reduces by a factor 4 the

number of independent Yukawas. On the other hand, under D(2)

4

the coupling Y behaves

as follows

R
2

⌦R
2

⌦ (1� (+,�)� (�,+)) = (1� (+,�)� (�,+)� (�.�))⌦ (1� (+,�)� (�,+))

= 13 � (+,�)3 � (�,+)3 � (�,�)3

15This includes those Abelian discrete gauge symmetries that remain after the U(1) factors of the gauge

group are broken by a Stückelberg mechanism [7].
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Examples
✤ 3-generation Pati-Salam

SU(4)⇥ SU(2)L ⇥ SU(2)R

U(4)⇥ U(2)L ⇥ U(2)R

by the product of the generators of Z(3)

2

and Z

2,C is equivalent to Z

(2)

2

which shows that

Z

(2)

2

and Z

(3)

2

are not independent but are related by a gauge transformation. We thus

find the discrete flavor group is actually D(1)

4

⇥D(2)

4

⇥D(3)

4

/(Z(1)

2

⇥Z

(3)

2

), and that all the

couplings forbidden by this symmetry should be understood in terms of this quotient.

5.3 A local Pati-Salam three-generation model

Besides the four-generation model of [16], one may construct other models in Z

2

⇥Z

0
2

with

semi-realistic spectrum that also display a non-trivial discrete flavor symmetry. In the

following we analyze a simple three-generation Pati-Salam model where families transform

with non-Abelian representations under a Dihedral flavor group.

The D6-brane content of the model is shown in table 10, where the wrapping numbers

n, l are arbitrary positive integers. Just like in table 4, this D6-brane content is not

N↵ (n1

↵,m
1

↵) (n2

↵,m
2

↵) (n3

↵,m
3

↵)

Na = 4 (1, 0) (1, 1) (1, -1)

Nb = 2 (n, -3) (0, 1) (3, -1)

Nc = 2 (l, -1) (-2, 1) (-1, -1)

Table 10: Wrapping numbers for the three-generation Pati-Salam model.

su�cient to satisfy the RR-tadpole conditions (5.7), and extra D-branes should be added

in order to construct a complete consistent model. We will then consider it as a local

Z

2

⇥ Z

0
2

model, whose discrete flavor symmetry may or may not be broken by the extra

D-branes that complete it.

It is easy to see that the gauge group that arises from this D6-brane content is again

given by U(4)⇥ U(2)L ⇥ U(2)R, and that now the supersymmetry conditions amount to

impose

U2 = U3

tan�1

⇣
3U1

n

⌘
+ tan�1

⇣
U3

3

⌘
= ⇡

2

tan�1

⇣
U1

l

⌘
+ tan�1

⇣
U2

2

⌘
� tan�1U3 = 0

(5.15)

where U i = Ry
i

/Rx
i

. One can solve these equations by setting n > l > 0, U1 =
q

n(n�l)
2
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Sector Fields D
4

ab FR = (4̄,2,1) R
2

ab0 F 0
R = (4̄, 2̄,1) (�,�)

ac FL = (4,1, 2̄) R
2

ac0 F 0
L = (4,1,2) (+,+)

bc H = (1, 2̄,2) (�,�)� (�,�)

bc0 H 0 = (1,2,2)
6

� R
2

Table 12: D
4

representations.

The only Yukawas allowed by gauge invariance (including anomalous U(1)’s) are

Y : ab⌦ ac⌦ bc �! (4̄,2,1)⌦ (4,1, 2̄)⌦ (1, 2̄,2) (5.17)

Y 0 : ab0 ⌦ ac⌦ bc0 �! (4̄, 2̄,1)⌦ (4,1, 2̄)⌦ (1,2,2). (5.18)

and under the discrete D
4

these coupling behave as

Y : R
2

⌦R
2

⌦ [(�,�)� (�,�)] = 1� 1� . . . (5.19)

Y 0 : (�,�)⌦R
2

⌦
�
�6R

2

�
=

6

� 1� . . . (5.20)

where the dots stand for nontrivial representations of D
4

, and we used R
2

⌦ R
2

= 1 �

(+,�) � (�,+) � (�,�). We then conclude that there are a total of eight independent

parameters in the Yukawa couplings given by Y and Y 0.

6 Conclusions and outlook

In this paper we have analyzed the presence of discrete flavor symmetries in models of

intersecting and magnetized D-branes. The general principle to determine the flavor sym-

metry is to first consider the group Pbulk of non-trivial metric and B-field transformations

that leave the closed string background invariant. In the absence of D-branes, this group

of transformations is part of the gauge symmetry group of the 4d e↵ective theory. In

the presence of D-branes this gauge group will be partially broken, because the D-brane

background is not invariant under its action. The subgroup of isometries and B-field
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✤ We have analyzed appearance of discrete flavor symmetries in          
D-brane models. In toroidal models, they can be read from BF 
couplings of closed string U(1)’s to open string axions.

✤ In orbifold models we need a new approach: we first consider the 
group Pbulk that leaves the closed string background invariant and  
then the subgroup P that also leaves D-branes invariant.

Conclusions



✤ We have analyzed appearance of discrete flavor symmetries in          
D-brane models. In toroidal models, they can be read from BF 
couplings of closed string U(1)’s to open string axions.

✤ In orbifold models we need a new approach: we first consider the 
group Pbulk that leaves the closed string background invariant and  
then the subgroup P that also leaves D-branes invariant. 

✤ P will act non-trivially on open string zero modes and generate a   
non-Abelian flavor group → forbid Yukawa couplings beyond Zk’s.      
We can also define the approximate discrete symmetry Pabc

✤ We have analyzed the case of T6/Z2xZ2, obtaining a flavor group  
given by D4 and tensor products of it.

✤ This definition of flavor group is quite general and can be applied to 
any manifold with discrete symmetries in the closed string sector,    
like e.g. smooth Calabi-Yau compactifications.  

Conclusions


